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Computational Treatment of First Order Delay
Differential Equations Using Hybrid Extended Second
Derivative Block Backward Differentiation Formulae

C. Chibuisi, B. O. Osu, C. Olunkwa, S. A. Ihedioha, and S. Amaraihu

Abstract—This paper considers the computational solution
of first order delay differential equations (DDEs) using hybrid
extended second derivative backward differentiation formulae
method in block form without the implementation of
interpolation techniques in estimating the delay term. By matrix
inversion approach, the discrete schemes were obtained
through the linear multistep collocation approach from the
continuous form of each step number which after
implementation strongly revealed the convergence and region
of absolute stability of the proposed method. Computational
results are presented and compared to the exact solutions and
other existing method to demonstrate its efficiency and
accuracy.
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[. INTRODUCTION

Many years ago, the study of delay differential equations
in the numerical solution of multistep block method has
gained serious attention among the scholars. Initially these
methods were used in solving ODE and have revealed its less
advantage in obtaining good accurate results. Delay
differential equations (DDEs) is one of the mathematical
models in which its unknown function depends not only on
current value but also on the past value which is called a
delay term. The applications of DDEs can be seen in many
real life situations involving celestial and quantum
mechanics, nuclear and theoretical physics, astrophysics,
quantum chemistry, molecular dynamics, engineering,
medicine and economic dynamics and control.
In this research work, we look forward to obtaining the
computational solutions of the first order delay differential
equations (DDEs) of the form as developed by [1]

X' (@)= f(t,x(t),x(t—71)), for t>¢5,7>0
x(t) = a(t)fort <y, 0]
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where ¢(¢) is the initial function, 7is called the delay,

(t—z')is called the delay argument and x(t—z') is the

solution of the delay argument using hybrid extended second
derivative block backward differentiation formulae methods.
In [2] linear multistep approach was used in solving delay
differential equations with the aid of interpolation techniques
in estimating the delay argument. [2] adopted linear multistep
methods for the numerical solution of initial value problem for
stiff delay differential equations with several constant delays
with Nordsieck's interpolation technique. [4] applied implicit
2-point Block Backward Differential Formulae to solve a set of
delay differential equations with the help of interpolation
technique in approximating the delay term. [5] implemented
block simpson’s methods in solving first order delay
differential equations without using any interpolation
techniques in examining the delay term. [6] developed a class
of sixth order hybrid extended block backward differentiation
formulae for computational solutions of first order delay
differential equations without the use of interpolation
techniques in investigating the delay argument. [7] applied
construction of extended second derivative block backward
differentiation formulae for numerical solutions of first order
delay differential equations without the use of any interpolation
technique in evaluating the delay term. [8] implemented third
derivative block backward differentiation formulae for
numerical solutions of first order delay differential equations
without interpolation techniques in investigating the delay
argument. [9] solved first order delay differential equations
using multiple off-grid hybrid block simpson’s methods
without the application of any interpolation technique in
estimating the delay term. [10] investigated the numerical
solution of first order DDEs using second derivative block
backward differentiation formulae without the introduction of
interpolation techniques in finding the delay argument. [11]
solved first order DDEs using extrapolated block backward
differentiation formulae for efficiency of the numerical solution
without the introduction of interpolation techniques in finding
the delay argument. [12] formulated a new hybrid block adams
moulton methods with two and three off grid points for solution
of first order delay differential equations without the
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implementation of interpolation techniques in evaluating the

delay term.

One of the challenges in using these interpolation
techniques by [13] is that the numerical methods to be
applied in solving DDEs should be at least the same with the
order of the interpolating polynomials which is very hard to
carry out; otherwise, the accuracy of the method will not be
preserved. It is very crucial that in the evaluation of the delay
term, applying a tested and reliable formula shall be highly
recommended.

In order to overcome the challenges caused in using the
interpolation techniques in evaluating the delay term; we
applied idea of the sequence constructed by [14] which we
merge into the first order delay differential equations. Then
we implemented hybrid extended second derivative block
backward differentiation formulae methods to solve some
first order delay differential equations containing the
evaluated delay argument to improve the performance of the
existing methods studied by [7,10,14] in terms of efficiency,
accuracy, consistency, convergence and region of absolute
stability at fixed step size v. The improve performance
shown by this method proved its superiority over the other
existing methods.

II. FORMULATION PROCEDURE
A. Formulation of Hybrid Extended Second Derivative
Backward Differentiation Formulae Method

In [15], the k-step generalized Backward Differentiation

Formulae Methods was constructed as

Vo= Y a0y, VB0 () @

We developed the equation for second derivative BDF using
the basis function,

=Y )

d 3)
Equation (3) is then interpolated at points X, >
r=0,1,2,... j—1,

’ n
while V (x)and y (x)are collocated at point XC+W

of equations

.The

system obtained is evaluated for

Qo1 A2 Uw +1Which is substituted back into (3) to

obtain the continuous second derivative
differentiation formula of the form,

backward

o= L, P05, 57 O )
(4)

Following the same approach of using (3), the extended
second derivative BDF is expressed as
Ve = 2,0 D)y VB () f (e ¥+, (1) ¥(x) +178,(X)q(x ¥(x,)

r=0

(%)
where
Vour =V t), £ = G, Y+ 19), Y (x + 1)),
X=X o X=X chw
g = i while q..,= % is the extension
oy dxly

and ¢, (x), B.(x), y (x), 5,(x) are the continuous
coefficients of the method defined as
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J+s—1
a,(x)= Z a, ., x" Q)
p=0
for r ={0,1,..., j —1}
J+s—1
vB.(x) = Z vB, ,ux’ (7
p=0
for r ={0,1,...,s =1}
V0=, ®)
p=1
for r ={0,1,...,s — 1}
w
V25r(x) = ZV27,,p+1xp (9)
p=1
for r ={0,1,...,s =1}
where XO ) eeey Xs—l are the s collocation points, Xc+r s

arbitrarily chosen

r=0,1,2,...,j—1 are the j
interpolation points and v is the fixed step width and £ is
the step number.

To get continuous coefficients ¢ (x), A,.(x)s ;/r(x)and

O ,(x)of the propose method, we constructed a matrix
equation of the form

NP =1 (10)
where [ represents the unit matrix of dimension
(j+s)x(j+s)and N and P are matrices presented as

Qo Qu - 0y Vﬂo,1 . Vﬁj,m Vz;/[)_l . vZ}/Hvl Vzé‘o.\ . Vzé‘_rl.]
oy Qi - Aj2 Vﬂn_; . Vﬂ\,u VZ}’M . Vz}’Hl Vz(So,z . VZ(SH,:
N= ' '
Qoges Qs+ Oj-lrss bﬂo‘,.vs . Vﬂq_,.ﬂ szfo_,.ﬂ . szV:,],m V:(SUJ'*¥ . Vzﬁﬂ.m
(11)
) 3 4 51
o o x ox . b
1 2 3 4 Jrs-l
Xesl Xesl Xesl Xesl (e Xesl
1 2 3 4 Jas-1
Xewj-l - Xewjl Xewjl - Xewj-l + Xetj-1
2 3 . J4s-2
01 Zx 3 4k (j+s-Dr,
P= ) 3 ; Jis-2
0 1 2Xu+l 3Xen dxea (J ts5- l)xm
2 3 : Jts-2
0 1 2xr+/fl 3xr+/fl 4xu+j—1 .o (]+S—1)'\u+yl
. . 4573
00 2 6 1 .. (jHs-DGis-D
2 . . +5-3
0 0 2 6}[”\ 12X;+I o (/+S—1)(/+S_2)xi+lx ’
2 . . J+s-3
0 0 2 b 12 - (Es-DGHs-2n ) (12)

From (10) the columns of N = p~! give the continuous
coefficients of the continuous scheme (5).
B. Construction of HESDBBDF Method with Integrated
Three Off-grids Extended Future Points and One Extended
Future Point for k=2

Here, we integrated three off-grids extended future points
at x=x.%X=x.3,X=x..l and one extended future

4 2 4
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point at x= ., as collocation points, thus the [ u I i " I
. . . . . . 2 3 5 7
interpolation points, j = 2 and the collocation points s = 6 Uty (o) (0] (et) Gen) (en) (aew)
are considered, therefore, (5) becomes Uit ] ] (en) (edl e (e (17)
01 2t Aeetd) Haetd) S(etd) 6ty Tty
yx) =,y (), HB(X)S, +vr, (g, +v0,(x)g_ +v(v)g  +ve, (v)g  +vo(x)q,] | s
R b0 0 el 2(d] Wed] () D)
(13) 7
The matrix P in (10) becomes 00 2 byt 2l l2(ic+2v] 20[xc+ v} 30(&* L] 42[yc+ v)
[ . I n X X 5 5
) 3 4 5 § 0 0 ) L 12 W) xot=v| 30| xpt—v
Datv (et () let) et (et ) bt ( 4 ] [ ] [xc ] [ )
2 3 4 5 6 2
01 axetd Yetd) Hetd) S(agtd) Ot d] (D) (14) 000 2 G Dlpth) Warh] Natd) Qs
i ( 3 4 . . . .
001 ety Dfeed] Wardf W] ) The inverse of the matrix N = p~' is evaluated using
2 3 4 5 . . . .
b0 1 gl 12[xc+2vj 2U(rc +2V] 30(@ ﬁvj 42[Xc ﬁv) Maple 18 from which the continuous scheme is obtained
: 1 4 4 4 4 using (5), evaluating and simplifying it at
' ' ) ’ = =yl . X=x.15x= and its derivative
000 2 Gty 12[xc+§»-] 20(,(0%] 3n{xc+§\:] 42[xc+%v] X = Xei3s X xc+5,x .XC+19X Xc+4
, . . at y = and x = the following discrete schemes are
» 1l Yy . Yy o X = Xen 8 X = Xea J
0 0 2 6XC+EV 12 1#? 20 'X"ij 30 -’WT )y t—v obtained
. . _ 626087947 , 680387916 , u630300768 N 688630997 , 56631783 46703841 855788 706]163
) ) ) ) C+y Yo Tstenain” S Tgsnness S 16080655 1 6o’ s0ne 0 e0le TS 1T
D0 b Dfatd] W) 30(“&3‘) 42("5”‘) DO MK DS WD04 LSS 0 L9 S0
. . N=p!' . . e s s S e S s s s s s
The inverse of the matrix =pP is evaluated using OGS 16 DT TSI SIS
. : . . 0 1887776] ]8877’61 o 18877261l 18877261 7 94386305 Boa? 04386305 ' 02 7260485 °°T 94386305
Maple 18 from which the continuous scheme is obtained [ OOUOS IS BIBSDS ROSSNIS  JGMISB, SN WM. SMISSY
using (5), evaluating and simplifying it oat T owen e s womn s s 5 " e
_ 22660513 863375625 4188947515 32325960975 26287430631 , 6514954677 . 4X3365‘) 10208375793 ,
X = Xe42s X = XC+ ,X = XC+ ,X = xc+ Lx= X4 o Tp s oo T s e L b s
and 1ts o 1onsn jww 16”1?737 178606424, 402032864 , 2360064 WS (18)
“"7]88772&"‘ 18877261 18877 ﬁl IXX!"(&I RO B 283158915 Yo ZI?KMJ'S'g"T 183158915\4”‘

derivative at ¥ = Xc+1, the following discrete schemes are

obtained D. Construction of HESDBBDF Method with

3195957 , 1204859 , 4365586 , 105674 , 6833377 34273 30185 . .
e Vet Vg s g Vg, it vl -2 4y, Integrated One Off-grid Extended Future Point and One

40880 ©o6132 122995 11095 [ 367920 4088 4088 R
) 799) 350721 33474 " 1591042 - 340416 os 337609 5 57344 » 20092 , Extended Future Point for k =4
3 3 s e S0 8 s ran0s 84 s1a00s 83 T Tmaes” 4 s ; :  or
Lo RIS SO ISSSDS ISR MR SIS G SN With the Same procedure, we integrated one off-grid
e s rsime T s S w4 seme 5w 4 ' extended future points at x = xc.2 and one extended future
poe IS0 OSSO0 SO 69 S0 S 1955 5
Pt asae” sssas” = 3a0m T ooemse St ansas ¥ 83 samass S gmsde 51 3290208 . : .
B TS NDONISISTIRT . DMSS NN SIS0 pont at x =y . as collocation points, thus the
YA T rsame = rsae ! e & oo 6 2emmmosn” o im0’ S e’ . . . . .

(15) interpolation points, j = 4 and the collocation points s = 4

SR RSP LIPS 1 PR R Y i
Yo T s s o s S s 5 s are considered, therefore, (5) becomes

(19)
Y =a o)y +a o)y, ey, ooy AL, 7,0l e g, ool |

C. Construction of HESDBBDF Method with Integrated Two The matrix P in (10) becomes

Off-grids Extended Future Points and One Extended Future

. I n n I n I 5
Point for k=3 U el el n J
In this case, we integrated two off-grids extended future o] ] (] xC”), it et (20)
1 . 3 4 5
points at x = x.,7, X = x5 and one extended future point Ity (»ﬁ?‘) (e () () (ed) ()
i 2 llocati . ts. thus the int lati ) P S S R A1) (Xc””)
a .x = Xevq @5 COTIOCATION pOIR .S’ us. © tterpotation —py 2etd aeth) i) S(ard) Brd) Tard)
points, j = 3 and the collocation points =35 are 00 )l D 4») B 4v)3 30(%* 41)4 Rt 41.)5
considered, therefore, (5) becomes ) )y gy
=g 0y 0y, #aas #IB, +g +m i+ g oy ’ Y bt W] k] daeh] ol
(16) 000 2 gt Ds) W] 0ts) Bs)

The matrix P in (10) becomes

The inverse of the matrix N = p~' is evaluated using

Maple 18 from which the continuous scheme is obtained

using (5), evaluating and simplifying it at

X = Xprar X = X012 X = x.p5 and its  derivative at
2

X = Xp1p X = xopp8d  x =y, the following discrete
schemes are obtained

o3

6611194 , 3040736 , 4442006 , 26663494 . 19370614 184599 O8IS6HT 13470063

CTU8119095 T T TRII9095 ) T 40595475 T 40595475 < 40595475 s 135318257 13531825 13531825
0S84 . 204095616 , 45955496 . 239971446 . 90831684 4908131 TAMed 266225928

Y2 = So0161785 6" 00161785 53 sonter7ss " 1 196720595 2 106720595 " 196720595 1967205957 " 1967205057
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43795628 , 19560448 ,
Ve = Ve Vg2
44681305 44681305 2
3369 479168 2795592
Yo =" y, y, Verr Ven
TT10255197 1333174771 1333174777 1333174777 13331747
- 227185 , +32|21945 1853024(»7‘_ +1009365735‘_ _ 143741115
TUTT 656332167 8532318087 853231808 853231808 106653976

387816 79990482
1681305 1 aags1305 '
15691968 11363100

41632092 662506 T6AT9NT 51666726
44681305 7 7 446813057 44681305 " 44681305 7
5552072, 1828864 , B¥URL
“immar” T a4 a1
277116945 , 19198095 , 24813285
™ Vgt V8TV s
853231808 106653976 °“'7 853231808

21)

Fen™

1560500

0918 IS SR IS0 M0 250 : ,
Tiogss7s e

52145920
Vs bt Yo Yeat Yeut (P et SR ¢
3076357 39995241 39995241 13331747 13331747 119985723

oo 63

III. CONVERGENCE ANALYSIS
Here, the examinations of order, error constant,
consistency, zero stability and region of the absolute stability
of (15), (18) and (21) are presented.

E. Order and Error Constant
The HESDBBDFM (5) is said to be of order 3 if

Co=C,=...C,= 0 and the first non-zero coefficient
C,+1 # Ois the error constant as developed by [16] .The
order and error constant for (15) are obtained as follows

T
Co=ao+a1+a2+a;+ag+ag+a3=(0 0000 O)
9 5 1 !
Cratlnt-a -0 +—a +3a,:-[}D-ﬂrﬂz-h-yﬂ-yﬁ-yu-és=(0 0000 O)but
49540 TR
4 1 4

i 815 120
Cr=sa tdat—a t—a t—u
2 nrgint
CRR

Therefore, (15) has order

28141 15938 15223455
4088 7 342737 350955527

511
y

ﬂ{@ 15938 15203455 93205 6448673 1200 )
| 40887 34273 35005552 274184 3509555234273
u =1 and error constants,

93225 6448673 1200 Y
2741847 35095552°34273

9 N 9
a2y,
;

With the same approach, (18) can be presented as
Cn=050+0{|+0{2+a3+a%+0{%+0(4=(0 0O 0 0 O O)T

T 15
C1:a1+2a:+3a3+707+70
2141

5
1 0

T
+4a4'ﬂ0_ﬂ1_ﬁz'ﬁx'7/3'72_7%'54:(0 0000 0)
but
emte b B s M:[2429308164547210,_ SO G185 IS5 16248 ]
BT T 01508 36115559 1452097 23033552 1486947328 1452097
Therefore, (18) has order 1 =1 and error constants,
(24293087 64547210 568098 6160385 160592355 162148 ]T

44821508°36115559° 1452097 23233552° 14869473281452097
Applying the same approach, (21) can be obtained as

T

Co=au+a1+az+a3+a4+a%+as=(0 0O 0 0 O 0)
9 T
C.=a1+2a;+3a;+4a4+5a9+5a5- 0" ]_ﬂz_ﬂg_ 4_}’4_72_0‘5:(0 0 0 0 0 0)

2

but

13531825'196720395' 44681305 1025519" 32816608'3076557

Therefore, (21) has order y =1 and error constants,
5931432 75910874 28113306 312360 5705595 631480 \
13531825°196720595° 44681305 1025519° 32816608°3076557

5931432 75910874 28113306 312360 5705595 631480 )"

1 9 8% 9
CI:5“‘*Z”'*5“,*3""E”z'?“"ﬂ"M"M"4ﬂ"4'/"§7[’°"(

F. Consistency
The HESDBBDFM (5) is said to be consistent if the order
u is greater than 1 such that the local truncation error (LTE)

: _ u+1 u+2
15 ”E‘//” = Cuav +O(V )Where the maximum norm

formulated by [16] is ”” The LTE of this method
HESDBBDFM (5) is Cus1 7 0asu=1.

From section 3.0 above, the local truncation error Cin1 70
for (15) is obtained and presented in vector representation
as

(28141 15938 15223455 93225 6448673 1200 '
4088° 342737 35095552 274184° 35095552°34273

with order ,, — (1,1,1,1,1,1)"-
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Applying the same procedure for (18), the local truncation

error (., # 0 for (18) is obtained and presented in vector

representation as

o[ 24293087 64547210 _ 568098 _ 6160385 _ 160592355 162148 '
" 144821508°36115559° 1452097° 23233552° 1486947328’1452097
with Orderu:(l,l,l,l,l,l)r‘

With the same procedure, (21), the local truncation error
Cun#0 for (21) is obtained and presented in vector
representation as
. :( 5931432 75910874 28113306 312360 5705595 631480 jT

-\ 135318257196720595°44681305" 1025519 32816608'3076557
with order ,, — (1,1’1,1’1’1)T.
Since the local truncation error (7', # 0 of this method
HESDBBDFM (5) tends to zero faster the step size v as v
goes to zero and the order y =1 in (15), (18) and (21)

satisfied the condition for consistency of order > 1, then
the proposed method is consistent.

G. Zero Stability
The zero stability for (15) is evaluated as follows

I 00000 00000 -l
—MIOOOOV‘IOOOOOﬂ N
30m Wm||7
yu+2 ) S
ST ooooo 409195 3,
17547776 Ve 17547776 .
o 000000 22
68546 : 68546 || .y
17957269 Vel 409493
010 0000 0 oo |
17547776 Vs 17347776 |
g0 00 00000 0
307 307
M3 30185 o
4088 4088
33474 1
- 000 fc+1 OOOOOOJ[{—I
34273 fo _
21525525 L0000 00)
0 0000/
17547776 (000000,
3 ¢
0 506100000/12 OOOOOOJg
34273 il (000000 f‘"
0 30299115 0000 4 000000 el
17547776 e /.
67746 00
34073
g OST gessse LMY s
w80 e 6 10%
1900 M6 BT HBH |, g
0 e U (00000 0y
SU09S M09S S0 ITIeS |
00000 0]82
P35/ T
L WS d9Mm 1sTe 2w | 000 0 00)g,
o BwLonwes s usel g0 00000
109673 205638 8368 68346 W oot
) _ISOTIRST DMGSSIS THRH90 MSBITOL (g g g g g o) *
2643380 32902080 263216640 10967360 |\ Ees 4
g LSS IBR TR 165856
10819 5095171365 514095
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0000 o 6837 o 15T 4365586 1204859 105674
367920 40880 22995 6132 1095
00000 22200a) 00000 o4t o 9102 30416 3376096 534
3 4l 100000 ol 514095 514095 514095 171365
0000 0 209071, 72 108033821 14640587 115404915 6885593 land
8773888 || 0000000 9 - - 0
oy 9512 0 00 0 0 ol “F m0- 35095552 2193472 17547776 2193472
00000 -8 g | I, B9 beiew sy sl
peutenl LA I B P 1096736 205638 48368 68546
0000 _ 00000O0O0) “
253650 || .. o _IS9TTBIT 24660513 1720324991 3481701
303517 526433280 32902080 263216640 10967360
00000 i 309899 3552352 11IIT32 1653856
| 00000 00000 - 102819 514095 171365 514095
35072 799 6833377
s, L 000 00 —2—"~
where w0000 DOOO0 Sy 367920
17956971 01000 00000 409195 0000 0 _20292
o | e | 17547776 34273
e -%00100’2'_00000%‘96’ 000 0 o 2199671
M _ 8773888
LI 00000 0 o 1952125
17547776 17547776 O 0 00 0 —mM——
I R T R S
73 73 000 0 o 328717
5483680
34273 30185 303517
— 0O 0 0 O O o0 0 0 0 -
4088 4088 514095
33474 0 0 0 o The first characteristic polynomial is stated as
34273 R(a) = det(aZ(zl) _Zgl))
0 21525525 00 0 0 (22)
O M
U = 17547776 , =‘a22 — 7 ‘:O
50610
Y 34273 0 0 00 Now we have,
0 30299115 00 0 0
17547776
67746 0 0 0
34273
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00
_3%0m
34073
17956971
17547776
_Toi4s
68546
17957269
17547776
33073
34073
a 000
35072
Ly
17956971
17547776
70145
D8
17957269
17547776
35073
S

a 0 a 0

a 000

a
35072

- a
34273

17956971
17547776
70145
-————a
68546
17957269
17547776

35073

a
34273

= R(a)=

0

0

0

1

0

0

0

0000000 -l
o0l looooo0 22
34073
00/ (00000 20
17547776
o0l looooo 2
68546
1ol |oo0ooo 0%
17547776
otllooooo 0
34073
0N (00000 -
ol looooo 2
34073
ol Lo 00 0 g 001
17547776
ol looooo 22
68546
ol To 0 00 o 4093
17547776
dlooooo 20
34073
000 0 !
- 799
34273
409195
a 0 0 -2
17547776
04 1599
68546
o . 400493
17547776
0000 a0
34273

Using Maple (18) software, we obtain

R(a)=q’(a+1)
Z>a5(a+1)=0

=>a=-1a,=0,4:=0,0a,=0,q5=0,44= 0.Since

|a,~| <1, i=12,3,4,5,6,(15) is zero stable.
Applying the same approach, then (18) is presented as

00000

855788

11205377

12061165 0000
11205377
38298352 | 00 0ol
36115559
1653939 20424312 00
18877261 18877261
1671544 1308185025 0100
18877261 1208144704
863375625 41839472315 0010
9665157632 38660630528
1701312 20467562
18877261 18877261

p00 00 SEB
sy |
logsgs | ]

18877261
6938495
1208144704
24660503
39660630528 |\ ¢
1o

00000 -——
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Let the first characteristic polynomial be stated as

R(a)=det(az? - 7}”)
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Using Maple (18) software, we obtain
R() 2374909989301131714432 5( +1)
a)= ala
23788225493376657763375
2374909989301131714432 |
= a (a + 1) =0
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a1 = _17 a>= Oa as= 09a4 = OsaS = 09a6 = (.Since
|a,~| <1, i=1,2,3,4,5,6,(21) is zero stable.

H. Convergence

Since (15), (18) and (21) are both consistent and zero
stable as proved in section 3.3 which satisfied the necessary
and sufficient condition for convergence of a numerical
method, therefore the proposed method is convergent.

1. Region of Absolute Stability

The regions of absolute stability of the numerical
methods for DDEs are considered. We considered finding the
D- and E-stability by applying (15), (18) and (21) to the
DDEs of this form:

x (8)=nx(t) + px(t-7),1 21,

x(0) =< (1), <t
where ¢(¢)is the initial function, 77, are complex

(25)

: + o .
coefficients, 7=cv,c€/ ,vis the step size and

T . cpe
¢ =—,c Is a positive integer. Let P1 =ypand P2 =v0,

v
then from (15), we have
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we have,

ZEI)YCQ = Zl(l)YCH _VZ (Ui(l)FC+i+VHI'(I)GCH'I'VT;U)QCH) (26)
i=l

With the same technique for (18), we have
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Applying the same approach for (21), we have
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Zz(z)YC+2 = ZI(S)YCH _VZ(UI'(S)FCH + VHi(z) GC+i+ VT;(S)QCH') (28)
i=1
The polynomials of D-and FE -stability are constructed by
introducing (26), (27) and (28) to (25) and (15), (18) and (21)
to (25) as stated below

A(y)=det (zﬁ”-Rué“-RHE”)V/“"—(z:“-P.U:”-P.Hf”)w”—BZ(Uf"—HJ”—T,'”)wl @)
L i=l

| } (30)
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2
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il

@ ()= det| 220 — 700" P N Uo _ g 10, (33)
7 (w)=det| 20" -2y =B Y (UP-H -1y

i=1

o) —det| 2O _ 7Oy _p 3 US _ O _1®), (34)
v4 ('//) et| L,y Y ZZ( i i i )‘/
i1

Making use of Maple 18 and MATLAB, the region of D-

and £ -stability for (15), (18) and (21) are shown in Fig.1 to
6.

Fig.1.Region of [)-stability (HESDBBDFM) in (15)
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Fig.3.Region of D -stability (HESDBBDFM) in (21)
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Fig.4. Region of [ -stability (HESDBBDFM) in (15)
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Fig.5. Region of E-stability (HESDBBDFM) in (18)
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Fig.6. Region of E-stability (HESDBBDFM) in (21)

The D -stability regions in Figs 1 to 3 lie inside the open-
ended region while the F -stability regions in Figs 4 to 6 lie
inside the enclosed region.

V. NUMERICAL COMPUTATIONS

In this section, some first-order delay differential
equations shall be solved using (15), (18) and (21) of the
discrete schemes been constructed. The delay argument shall
be evaluated using the idea of sequence developed by [14]
and the time it took the Central Processing Unit (CPUT) to
produce the numerical solutions of each step number of the
proposed method shall be taken into consideration.

J. Implementation of Numerical Problems
Problem 1

x’(t) =-1000x(r)+997¢ x(t-1)+(1000-997¢”), 0< ¢ <3
x(t)=1+e,:<0

Exact solution x(¢) =1+ e !
Problem 2

x () = =1000x(£) + x(¢ — (In(1000—1))), 0 < <3
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x(t)=e",t<0
Exact solution x(¢) = e’

These examples were solved using the discrete schemes in
(15), (18) and (21), and the results are presented below

Table 4.1.1: Numerical Solution of HESDBBDF Method with Integrated
Off-grid Extended Future Points and One Extended Future Point for
Problem 1

EJ-MATH, European Journal of Mathematics and Statistics
Vol. 1, No. 1, December 2020

1.7 | 0.182683524 | 0.843671595 | 0.843675311 0.843668792
1.8 | 0.165298888 | 0.835126616 | 0.835265431 0.835267303
1.9 | 0.149568619 | 0.826949684 | 0.82696486 0.826964027
2 0.135335283 | 0.818737332 | 0.818597718 0.818604245
2.1 0.122456428 | 0.810444887 | 0.810594329 0.810571743
2.2 | 0.110803158 | 0.802509628 | 0.802514204 0.802522581
2.3 | 0.100258844 | 0.794539987 | 0.794539104 0.794530836
2.4 | 0.090717953 | 0.786492617 | 0.786500058 0.786632516
2.5 | 0.082084999 | 0.778791882 | 0.77881047 0.77868044

2.6 | 0.074273578 | 0.771057782 | 0.771047173 0.771039693
2.7 | 0.067205513 | 0.763248259 | 0.76338478 0.763383093
2.8 | 0.060810063 | 0.755775107 | 0.755660941 0.75578111

2.9 | 0.05502322 0.74826958 0.748272876 0.748267995
3 0.049787068 | 0.740690857 | 0.740813981 0.740703736

CPU time of HESDBBDFM for k = 2 is 0.112s, k = 3 is
0.225s and k =4 is 0.305s

VI. RESULTS AND DISCUSSIONS

Here, the numerical solutions obtained after solving some
first order DDE using the schemes derived in (15), (18) and
(21) shall be analyzed by computing their absolute errors.

K. Analysis of Results

The analysis of results is obtained by determining

absolute differences of the exact solutions and the numerical
solutions. The results are presented in the tables 5.1.1to 5.1.2
while the comparison between the proposed method and
other existing methods are presented in tables 5.1.3 to 5.1.4
and Figs. 7 to 8.

Table 5.1.1: Absolute Error of HESDBBDF Method with Integrated Off-
grid Extended Future Points and One Extended Future Point for Problem 1

k = 2 |k = 31k = 4
Exact Numerical Numerical Numerical

t Solution Solution Solution Solution
0.1 1.740818221 | 1.970390437 | 1.970529152 | 1.970374348
0.2 1.548811636 | 1.941809031 | 1.941731461 | 1.941788851
0.3 1.40656966 1.91298104 1.913969594 | 1.913912749
0.4 1.301194212 | 1.886859792 | 1.886038111 | 1.886951839
0.5 1.22313016 1.860749741 | 1.860769502 | 1.859897788
0.6 1.165298888 | 1.834392143 | 1.835241935 | 1.835195767
0.7 1.122456428 | 1.810528715 | 1.81061804 1.810606525
0.8 1.090717953 | 1.786666041 | 1.785847578 | 1.786611636
0.9 1.067205513 | 1.762576913 | 1.763434101 | 1.763406681
1 1.049787068 | 1.740767469 | 1.740793138 | 1.74011964
1.1 1.036883167 | 1.718958629 | 1.718953706 | 1.718859636
1.2 1.027323722 | 1.696942804 | 1.69698428 1.697695504
1.3 1.020241911 | 1.677010486 | 1.677105302 | 1.677042908
1.4 1.014995577 | 1.657078712 | 1.657024573 | 1.657070219
1.5 1.011108997 | 1.636957757 | 1.637654735 | 1.63702689
1.6 1.008229747 | 1.618740997 | 1.618169611 | 1.618728224
1.7 1.006096747 | 1.600524726 | 1.60053853 1.600512087
1.8 1.004516581 | 1.582135549 | 1.582728521 | 1.58273623
1.9 1.003345965 | 1.565486689 | 1.565549016 | 1.565545579
2 1.002478752 | 1.548838275 | 1.548267259 | 1.548294101
2.1 1.001836305 | 1.532031842 | 1.532629896 | 1.532544316
2.2 1.001360368 | 1.516815925 | 1.516833835 | 1.516865542
2.3 1.001007785 | 1.501600416 | 1.501596981 | 1.501565723
2.4 1.000746586 | 1.486240497 | 1.486269397 | 1.48676959
2.5 1.000553084 | 1.472334187 | 1.472400342 | 1.471921127
2.6 1.000409735 | 1.458428262 | 1.45839049 1.458365141
2.7 1.000303539 | 1.444390376 | 1.444876613 | 1.444870294
2.8 1.000224867 | 1.431680945 | 1.431282303 | 1.431701618
2.9 1.000166586 | 1.418971884 | 1.418981516 | 1.418966469
3 1.00012341 1.406142215 | 1.406555894 | 1.406186286

CPU time of HESDBBDFM for k = 2 is 0.110s, k = 3 is
0.221sand k=415 0.301s

Table 4.1.2: Numerical Solution of HESDBBDF Method with Integrated
Off-grid Extended Future Points and One Extended Future Point for
Problem 2

k = 2|k = 31k = 4
Exact Numerical Numerical Numerical

t Solution Solution Solution Solution

0.1 | 0.904837418 | 0.990040383 | 0.990064477 | 0.990037076
0.2 | 0.818730753 | 0.980206351 | 0.980192868 | 0.980203037
0.3 | 0.740818221 | 0.970280432 | 0.970452303 | 0.970442223
0.4 | 0.670320046 | 0.960778479 | 0.960632917 | 0.960795095
0.5 | 0.60653066 0.951237066 | 0.951241251 0.951082667
0.6 | 0.548811636 | 0.941602626 | 0.941759144 | 0.941750011
0.7 | 0.496585304 | 0.932383163 | 0.932400276 | 0.932398214
0.8 | 0.449328964 | 0.923123764 | 0.922966367 | 0.923113132
0.9 | 0.40656966 0.913774054 | 0.913942554 | 0.913936594
1 0.367879441 | 0.904827075 | 0.90483224 0.904697588
1.1 | 0.332871084 | 0.895841334 | 0.895840338 | 0.895820317
1.2 | 0.301194212 | 0.886767954 | 0.88677632 0.886924617
1.3 | 0.272531793 | 0.878085393 | 0.878106353 | 0.878092374
1.4 | 0.246596964 | 0.869365222 | 0.869353259 | 0.86936338
1.5 | 0.22313016 0.860559992 | 0.860713936 | 0.860574961
1.6 | 0.201896518 | 0.852134055 | 0.852005342 | 0.852130645
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t | k=2 Error k =3 Error k =4 Error

0.1 0.229572216 | 0.229710931 | 0.229556127
0.2 0.392997395 | 0.392919825 | 0.392977215
0.3 0.50641138 0.507399934 | 0.507343089
0.4 0.58566558 0.584843899 | 0.585757627
0.5 0.637619581 | 0.637639342 | 0.636767628
0.6 0.669093255 | 0.669943047 | 0.669896879
0.7 0.688072287 | 0.688161612 | 0.688150097
0.8 0.695948088 | 0.695129625 | 0.695893683
0.9 0.6953714 0.696228588 | 0.696201168
1 0.690980401 | 0.69100607 0.690332572
1.1 0.682075462 | 0.682070539 | 0.681976469
1.2 0.669619082 | 0.669660558 | 0.670371782
1.3 0.656768575 | 0.656863391 | 0.656800997
14 0.642083135 | 0.642028996 | 0.642074642
1.5 0.62584876 0.626545738 | 0.625917893
1.6 0.61051125 0.609939864 | 0.610498477
1.7 0.594427979 | 0.594441783 | 0.59441534

1.8 0.577618968 | 0.57821194 0.578219649
1.9 0.562140724 | 0.562203051 | 0.562199614
2 0.546359523 | 0.545788507 | 0.545815349
2.1 0.530195537 | 0.530793591 | 0.530708011
2.2 0.515455557 | 0.515473467 | 0.515505174
2.3 0.500592631 | 0.500589196 | 0.500557938
2.4 0.485493911 | 0.485522811 | 0.486023004
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2.5 0.471781103 | 0.471847258 | 0.471368043
2.6 0.458018527 | 0.457980755 | 0.457955406
2.7 0.444086837 | 0.444573074 | 0.444566755
2.8 0.431456078 | 0.431057436 | 0.431476751
2.9 0.418805298 | 0.41881493 0.418799883
3 0.406018805 | 0.406432484 | 0.406062876

Table 5.1.2: Absolute Error of HESDBBDF Method with Integrated Off-
grid Extended Future Points and One Extended Future Point for Problem 2

t | k=2 Error k =3 Error k =4 Error

0.1 0.085202965 | 0.085227058 | 0.085199658
0.2 0.161475598 | 0.161462115 | 0.161472284
0.3 0.229462211 | 0.229634083 | 0.229624002
0.4 0.290458433 | 0.290312871 | 0.290475049
0.5 0.344706406 | 0.344710591 | 0.344552007
0.6 0.39279099 0.392947508 | 0.392938375
0.7 0.435797859 | 0.435814972 | 0.435812911
0.8 0.4737948 0.473637403 | 0.473784168
0.9 0.507204394 | 0.507372894 | 0.507366934
1 0.536947634 | 0.536952798 | 0.536818147
1.1 0.56297025 0.562969255 | 0.562949233
1.2 0.585573742 | 0.585582108 | 0.585730405
1.3 0.6055536 0.60557456 0.605560581
1.4 0.622768258 | 0.622756295 | 0.622766416
1.5 0.637429832 | 0.637583776 | 0.637444801
1.6 0.650237537 | 0.650108824 | 0.650234127
1.7 0.660988071 | 0.660991786 | 0.660985268
1.8 0.669827728 | 0.669966542 | 0.669968414
1.9 0.677381064 | 0.677396241 | 0.677395408
2 0.683402048 | 0.683262435 | 0.683268962
2.1 0.687988459 | 0.688137901 | 0.688115315
2.2 0.69170647 0.691711046 | 0.691719422
2.3 0.694281143 | 0.69428026 0.694271992
2.4 0.695774664 | 0.695782105 | 0.695914563
2.5 0.696706883 | 0.696725472 | 0.696595441
2.6 0.696784203 | 0.696773595 | 0.696766115
2.7 0.696042746 | 0.696179267 | 0.69617758

2.8 0.694965044 | 0.694850879 | 0.694971047
2.9 0.69324636 0.693249656 | 0.693244775
3 0.690903789 | 0.691026912 | 0.690916667

The notations used in the table below are stated as
HESDBBDFM = Hybrid Extended Second Derivative Block
Backward Differentiation Formulae Methods for step

numbers k = 2,3 and 4.

ESDBBDFM = Second Derivative Block Backward
Differentiation Formulae Method for step numbers k£ = 2,3
and 4.

SDBBDFM = Extended Second Derivative Block Backward
Differentiation Formulaec Methods for step numbers
k=2,3and 4.

RBBDFM = Reformulated Block Backward Differentiation
Formulae Methods for step numbers & =3 and 4.

MAXE = Maximum Error. The maximum error (MAXE) is
the highest value of the absolute error for total number of
steps taken and the numerical method with the highest
Maximum Error is the method that performs better.

Table 5.1.3: Comparison between the Maximum Absolute Errors of
HESDBBDFM f = 2, 3 and 4 and [7, 10, 14] of the same Example 1 for

constant step size v=0.01.

COMPARED

MAXEs with
Numerical Method [7,10,14]
HESDBBDFM MAXE fork =2 0.695948088
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HESDBBDFM MAXE fork =3 0.695129625
HESDBBDFM MAXE fork =4 0.695893683
ESDBBDFM MAXE for k=2 5.04E-02
ESDBBDFM MAXE fork=3 6.69E-02
ESDBBDFM MAXE for k =4 7.09E-02
SDBBDFM MAXE for k =2 5.42E-06
SDBBDFM MAXE for k =3 0.000243476
SDBBDFM MAXE for k =4 0.001368661
RBBDFM MAXE for k =3 1.54E-09
RBBDFM MAXE fork =4 1.04E-09

Table 5.1.4: Comparison between the Maximum Absolute Errors of
HESDBBDFM k = 2’ 3 and 4 and [7, 10, 14] of the same Example 2 for

constant step size v=0.01.

Numerical Method

COMPARED
MAXEs with
[7,10,14]

HESDBBDFM MAXE fork =2

0.696784203

HESDBBDFM MAXE fork =3

0.696773595

HESDBBDFM MAXE fork =4

0.696766115

ESDBBDFM MAXE for k=2

2.08E-03

ESDBBDFM MAXE fork=3

1.91E-03

ESDBBDFM MAXE for k =4

3.43E-03

SDBBDFM MAXE fork =2

5.42E-06

SDBBDFM MAXE for k =3

0.000243476

SDBBDFM MAXE for k =4

0.001368661

RBBDFM MAXE for k =3

4.88E-06

RBBDFM MAXE fork =4

4.38E-06

Making use of Microsoft Excel, the compared MAXE for HESDBBDFM
with [7, 10, 14] for Example 1 and 2 are shown in Fig.7 and 8 as

follows,
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Fig.7. Compared MAXE for HESDBBDFM with [7, 10, 14] for Example 1
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Fig.8. Compared MAXEs for HESDBBDFM with [7, 10,
14] for Example 2

VII. CONCLUSIONS

In conclusion, the discrete schemes of (15), (18) and (21),
were worked-out from their individual continuous form and
were revealed to be convergent, D - and FE -stable. Also, it
was revealed in tables 5.1.1 to 5.1.2 that the lower step
number of HESDBBDF method with integrated off-grid
extended future points and one extended future point
performed better and faster than the higher step numbers of
HESDBBDF method with integrated off-grid extended
future points and one extended future point when compared
with the exact solutions. Comparing HESDBBDFM with
other existing methods, it proved its superiority in terms of
efficiency, accuracy, consistency, convergence and region of
absolute stability at constant step width v as presented in
table 5.1.3 to 5.1.4 and figure 7 to 8. Therefore, it is
recommended that HESDBBDFM schemes for step numbers
k =2,3,and 4 are suitable for solving DDEs. Further
should be investigated for step numbers
k=5,6,7... on the formulation of discrete schemes of
HESDBBDFM for numerical solutions of DDEs without the

application of interpolation techniques in investigating the
delay arguments.

studies
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