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Its Applications for Solving the Nonlinear Fractional
Sharma-Tasso-Olver equation

Conformal Fractional — Expansion Method and

Alaaeddin Amin Moussa and Lama Abdulaziz Alhakim

Abstract — In this article, we generalize the (GGT(S) — expansion method which is one of the
most important methods to finding the exact solutions of nonlinear partial differential

DEG()
G
method, takes advantage of Katugampola’s fractional derivative to create many useful traveling
wave solutions of the nonlinear conformal fractional Sharma-Tasso-Olver equation. The
obtained solutions have been articulated by the hyperbolic, trigonometric and rational functions
with arbitrary constants. These solutions are algebraically verified using Maple and their

physical characteristics are illustrated in some special cases.

equations. The new generalized method, named conformal fractional ( )—expansion

DEG(?)
6®

Index Terms — Conformal fractional ( )—expansion method, nonlinear conformal

fractional Sharma-Tasso-Olver equation.

I. INTRODUCTION

Since ancient times, mathematics and physics have been two sides of the same coin. They work together
to find effective solutions to many real-world problems and to explain many physical phenomena.

In the past, a wide range of methods have been developed to generate analytical solutions of nonlinear
partial differential equations. Among these methods are the (%) — expansion method [1], [2], the double
auxiliary equations method [3], the generalized of exp(—d)({)) —expansion method [4], [5], and various
other methods [6]-[11].

Several years ago, many mathematicians proposed formulas of fractional derivatives that physicists use
for modeling many phenomena. For example, in [12]-[15] Jumarie proposed a modified Riemann-Liouville

fractional derivative as follows:

1 d
r(i—-a) dt

F@) = fy (¢ —0)7%(f(x) — £(0))dx. (1)

and the chain rule defined in (2):

(a) ,
(F®)) = fu@w, @)

The chain rule has been applied by several authors to find the exact solutions to some nonlinear fractional
differential equations. For example, Zhang and Zhang [16] proposed the fractional sub-equation method to
search for exact solutions of nonlinear time fractional biological population. Jafari et al. [17] used this
method to obtain the exact solutions of the nonlinear fractional Sharma-Tasso-Olver equation, while Cesar
et al. [18] solved it using the improved generalized tanh-coth method.

However, Cheng proved in [19], [20] that Jumarie’s chain rule is not correct, and therefore the
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corresponding results on differential equations are not true in particular those solutions obtained by Jafari
et al. [17] and Cesar et al. [18] for the nonlinear fractional Sharma-Tasso-Olver equation.

The chain rule has been applied by several authors to find the exact solutions to some nonlinear fractional
differential equations. For example, Zhang and Zhang [16] proposed the fractional sub-equation method to
search for exact solutions of nonlinear time fractional biological population. Jafari et al. [17] used this
method to obtain the exact solutions of the nonlinear fractional Sharma-Tasso-Olver equation, while Cesar
et al. [18] solved it using the improved generalized tanh-coth method.

However, Cheng proved in [19], [20] that Jumarie’s chain rule is not correct, and therefore the
corresponding results on differential equations are not true in particular those solutions obtained by Jafari

et al. [17] and Cesar et al. [18] for the nonlinear fractional Sharma-Tasso-Olver equation.

DgG(E)
G(&)

) — expansion method, using the definition of the new conformal fractional derivation presented by

This paper proposes a new conformal fractional ( ) — expansion method, which generalizes the

(G’(s‘)
G©®
Katugampola [21]. The new method satisfies the product, quotient, and chain rules for obtaining the exact
traveling wave solutions for the nonlinear conformal fractional Sharma-Tasso-Olver equation [17], [18]:

Dfu + 36u?D%u + 35(D&u)? + 36uD2%u + §D3%u = 0, 3)

where 0 < a < 1,u = u(x, t),t > 0,6 is a constant.

The new obtained solutions of the nonlinear conformal fractional Sharma-Tasso-Olver equation are
algebraically verified in Section 3 using Maple and illustrated with their physical characteristics in Section
4 in some special cases.

DEG(E)
G

II. THE GENERAL EXPRESSION FOR CONFORMAL FRACTIONAL ( ) —EXPANSION METHOD

DEG($)
G(&)
definition and properties of the conformal fractional calculus proposed by Katugampola in [21].
Definition 2.1. Let f: [0,00) — Rbe a continuous function. The conformal fractional derivative of f
of order «a is defined by,

To understand the conformal fractional ( )—expansion method, we first provide the main

DEA(®) =1lim (f(te*™) - f(1))/e (4)

for all t > 0,a € (0,1] .If f is a —differentiable in some (0,a),a > 0, and tliroqr D*(f)(t) exist, then

define:
DE(F@) = Jim D*(F(®) )

Theorem 2.1. Let @ € (0,1] and f, g be two a —differentiable functions at a point t > 0 .Then
i. Df(af +bg)(t) = aDff(t) + bDFg(t), forall a,b € R.
ii. DE(t") =nt™ % foralln € R.
fii. DZ(c) = 0, for all constant functions f(t) = c.
iv.  DE(fg)(®) =D f(1)g(®) + D g(O)f (0.
v. (5o =(0er9® - D@ ©)/9(®)?
vio.  DE(f o)) = Dgf(g(t))DEg(®).

The main steps of the new proposed conformal fractional (

DgG(§)
G(&)

) — expansion method is described as

follows:
Step 1. Consider a conformal fractional partial differential equation in the form:

F(u,us,uy, Dfu,D2u,...) =0, O0<a<l, (6)

where Dfu and DJu are Katugampola’s fractional derivative of u. Using the transformation,

uGt) =@, §=(2)xe+(2)es (7

DOLI: http://dx.doi.org/10.24018/ejmath.2021.2.5.57 Vol 2 | Issue 5 | October 2021



EJ-MATH, European Journal of Mathematics and Statistics
ISSN: 2736-5484

Equation (6) reduced to a nonlinear conformal fractional ordinary differential equation for u = u(¢) in the
form:

P(u, Dfu, DF*u, D¢*u,...) = 0. (8)
Step 2. By balancing the highest derivative and nonlinear terms in ( 8), and using the (9), the value of
the positive integer (m) is determined:

Degree [up ( ) ] mp +s(m+ q), )

Step 3. The solution of (8) can be expressed as follows:

) = 210 (129, 0

where, a; (i = 0,1,...,m) are constants to be determined, and G (§) satisfies the following conformal
fractional differential equation:

DZ*G(§) + ADFG(§) +uG(§) =0 (11)

First, we can express the solutions of the conformal fractional equation (11) as follows:

<C151nh< @ 4”)€”‘>+C cosh< @ 4”)5‘7‘)) e ia);(,lz —4u) >0

HOE <Clsm< G mfa)HZC S< o z)sza)) (%), 2 — 4y < 0 (12)

(€ + CE0elFe) (2 — 4wy = 0

DEG(S)
4G)

Thus, the ( )can be reformulated as follows:

1, a [(A2-ap) C1C05h<1 a f“)+c Smh<1\1(l = ) 2
BERE N =T F( =4 >0
C smh< a f“)+C cos < “) )

D?G(f) _ 1 [(4p-22) -2 ap— /’L2
5 =1 4 = c< [een) ) ( =l ) (13)

a
-4 ;P —4p) <0
22 a Clsin<% —(4“{;21 ga)+62cos<5 —4“{1‘2’12 ga)

“A_Ge 24y =0

2 c+c$f1'

where C;, C,are arbitrary constants.

DEG(D)" .

- (; ) in the
resulting systems to zero, yields a system of algebraic equations for k,, k,, A, and a; (i = 0,...,m). By
solving this system and substituting k;, k,, A4, 4, @; and the formula (13) into (10), we obtain the exact
solution for (8).

Step 4. Substituting (10) into (8) and using (11), and then setting all the coefficients of (

III. THE EXACT SOLUTION FOR NONLINEAR CONFORMAL FRACTIONAL SHARMA-TASSO-OLVER EQUATION

a

9] . . .
(; ) expansion method will be applied to find the exact

solutions of the nonlinear conformal fractional Sharma-Tasso-Olver equation:

D§
In this section, the conformal fractional (

Dfu + 36u?D%u + 35(D%u)? + 36uD2%u + §D3%u = 0, (14)
where 0 < a < 1.
Suppose that,
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u(x,t) =u@) , &= (%) X%+ (%2) te, (15)

where k4, k, are a constants. Substituting (15) into (14), gives the following nonlinear conformal fractional
ordinary differential equations:

ko Dfu + 38k, u?Dfu + 38kZ(DFu)” + 38k2uDu + 5k3D3%u = 0. (16)
Suppose that (16) has the following solution:

ge(©)\'
u(®) = o« (%) v €R (7

Balancing the order of D?“u and uzDg‘u ,we findm = 1. So,

ul®) =ay+a, (%g)) (18)

IGN
G(®) ) ’
(G =0,1,2,....). By collecting each coefficient of these resulted polynomials to zero, we obtain a system
of algebraic equations for a,, @4, k; and k,, which are not presented for sake of clarity. By Solving these
algebraic equations with the help of algebraic software Maple, we obtain:

Substituting (18) and (11) into (16), the left-hand side is converted into polynomials in (

Case 1
35%%+\/—35k1(4k2+k§5(12—4u))
ap = 65k, oy = ke, ky = ki, ko =k, (19)
Substituting (19) into (18), we have:
35/1k§+J—36k1(4kz+k§5(/12—4u)) DEG()
u@) = 66k; 1( 1G) ) (20)

NCENOR

Consequently, the exact solution of the of the nonlinear conformal fractional Sharma-Tasso-Olver
equation (14) with the help of (13), are obtained in the followin form:
Case (1-1). When (42 — 4u) > 0,

35,11(%+J—35k1(4k2+k§5(12—4u)) ks

68kq 2
— 7 —
u1,1(€) N aky [(A2—aw) 61cosh<%@§a)+czsinh<%@§a) , (21)
2 \J a? Clsjnh(%@f“)+@cosh<% (Aza——;u)fa)
— (k1) L« k2\ La
f - ( a ) "+ ( a ) L=

Case (1-2). When (12 — 4y) < 0,

361]{%+J—36k1(4k2+kf6(12—4u)) Ak

66k, 2

w2(8) = _ _ ’
ey s[4 [F) o3 [ .
[IZ

’ ClSin<%\/%;2ﬂ)fa)+C2 cos<%\/(4‘;;z}‘2)§a>
= (=) s (2)oe
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Case (1-3). When (42 — 4u) = 0,

SAkZ+[-126k 1k Ak Crak
uy3(§) = (—3 1ty 220 2)——1+—2a L

68k, 2 Ci+Crée’ (23)
k k
e=e=()x+ ()
Case (2).
{ag = Aky, @y = 2ky, by = ky, Ky = =8k (22 — 4w)} (24)
Substituting (24) into (18), we have:
u(®) = My + 2k, (250,
4¢3) (25)

{ — (ﬂ) X — (5"%(}“2—4!‘)) ta.

a a

Consequently, the exact solution of the of the nonlinear conformal fractional Sharma-Tasso-Olver
equation (14) with the help of (13), are obtained in the followin form:
Case (2-1). When (42 — 4u) > 0,

(A2—4p) Clmme@f“)%zsinhe (’12;_24“)501)
u1(§) = akl\/j

Clsinh<%\/(’120:—z4“)§a)+c2cosh<%\/(’12;—24“)§a) ' (26)
= (e - () e

a a

Case (2-2). When (A2 — 4u) < 0,

i [ Creos (25 )-ewsin(( e
Uz (&) = ak, e

cusin( 4 [E2)ea ) cyc05(3 55 Nee) | -
§= (E) x% — (M) s

a a
Case (2-3). When (42 — 4u) = 0,

2ak,C
u2_3(f) = Cl+C12§2“'

= ()

IV. PHYSICAL EXPLANATION AND INTERPRETATIONS OF THE SOLUTIONS

(28)

In this section, physical representation of the obtained exact and solitary wave solution to nonlinear
conformal fractional Sharma-Tasso-Olver equation (14). shall be discussed these solutions are graphically
represented and their kind of solution verified. solutions u, 1 (£),u, 3(¢) and u, , (&) are of the kink type

soliton solution (Fig. 1 only shows the shape of u, , (§) with k; = —V2,k, =4,6 =2,C, =u=1,C, =
2,A=2V2,a = %, Fig. 3 only shows the shape of u; 3(§) withk; =€, =pu =1k, = -1,6 = 2V3,C, =
A=2,«a =§ and Fig.4 only shows the shape of u,,(§) with k; = %,6 =C=pu=1C=2,1=
2V2,a = %).

Solutions u, , (), u, ,(£), are the multiple bright and dark solitons solution (Fig. 2 only shows the shape
ofu,,(§) withk, = -1k, =C, =1,6 = V3,C,=A=p=2,a= %, and Fig. 5 only shows the shape of
Upp (D) withky = €, = 1,6 =2, =e A=p=2,a=>).
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Fig. 3.
ua @ withky = € =p =1k, =-1,6 =2V3,C; =1=2,a =,

ISSN: 2736-5484

=16 =21=2V2a=>.
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Fig. 4.
U ) withky =2,6 =C,=p=1,6,=2,A=2V2,a =+

2

Fig. 5.
Upp () withky =€, =1,6 =2, =eA=p=2,a=

1
>

REMARK, all solutions of this article have been checked with maple by putting them back into the
original equation (16).

V. CONCLUSION

In this paper, several useful exact solutions of the nonlinear conformal fractional Sharma-Tasso-Olver

. . . . DEG($) . .
equation are obtained by using the new conformal fractional ( i @ ) — expansion method. These solutions
are algebraically verified using Maple and illustrated with their physical characteristics in some special

Dgc(a) B
G(&)
expansion method is direct, effective, and can be used to solve many other NFPDEs in mathematical
physics.

cases, to show their ability to explain some physical phenomena. The new conformal fractional (

VI. DATA AVAILABILITY

The data that support the findings of this study are available from the corresponding author upon
reasonable request.
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