EJ-MATH, European Journal of Mathematics and Statistics
ISSN: 2736-5484

Binomial Coefficients and Triangular Numbers

Kantaphon Kuhapatanakul and Anthony G. Shannon

Abstract — We produce formulas of sums the product of the
binomial coefficients and triangular numbers. And we apply our
formula to prove an identity of Wang and Zhang. Further, we
provide an analogue of our identity for the alternating sums.

Index Terms — binomial coefficient; triangular number.
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I. INTRODUCTION
The triangular number T, is a number obtained by adding

all positive integers less than or equal to a given positive
integer n,

T - n(n +1).
2

It is also the binomial coefficient

(n +1J

T, =

2

which counts the number of distinct pairs to be selected from

n + 1 objects.
The Fibonacci numbers F, are defined by

F,=0,F,=1and F,=F +F_, (n>1).

The triangular numbers and Fibonacci numbers, even
today, are fascinating to mathematicians (young or old), and
have many interesting properties and applications to almost
every fields of science and art (e.g., see [2], [3]).

Some identities of the sums of product of the binomial
coefficients and Fibonacci numbers F, (see [4]) are

(e

i=0

nin
Z( i JFai =2" Fn

i=0

nn
Z[JFM =3"F,,.

i=0

In this work, we first obtain analogous formulas for the
triangular numbers. Next, we apply our formula to prove an
identity of Wang and Zhang [8]. While the connections
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between triangular and pentagonal numbers are well known
(e.g., [6]) we also show a connection with geometric numbers
in general.

Il. TRIANGULAR NUMBERS

Throughout this paper, the symbol [nJ is the binomial
k

coefficient, that is,

n!
(nj: kiK1 "=k and (OJ:L
K A 0

,n<k

The Pascal's identity is
(V)
=1L+ .
i i -1

Theorem 1 Let T, be the n™ triangular number. For any
positive integer k, we have

Z(TJTK — kn(kn+ k +2)2", 0

i=1

Proof. By induction on n, we see that identity (1) holds for n
= 1. Now assume identity (1) is true for all integers n> 1. By
Pascal's identity, the inductive hypothesis and the definition
of triangular numbers, we obtain

e RO ¢

= Z(T}rku +Ty +i(?j(-rkl +i(ki +1))

i=1

_ 22(?% AT +§[?j(k2i +T)

— 2kn(kn + k +2)2" +@
k(k +1)(2" 1)

+k?n2"* +
2
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=kn(kn+k +2)2"2 + 2k*n2" 2 + 2k (k +1)2"2
=k(n+D(k(n+1) +k +2)2"2,

which shows that (1) holds for n + 1, thereby proving the
theorem.

From Theorem 1, we obtain the following examples for
k=1234.

0) Z[TJT —n(n+3)2"?
(ii) Z(T)Tz — 2n(2n+4)2"
(i) Z(TJTS —3n(3n+5)2"

(iv) Z[TJTA — An(4n +6)2",

These lead to a variety of other results; for example, when

n =3, we get
3 (3
Z(i]Tki = 6T2|< = 3ak
i-1

in which {a} = {6,20,42,72,110,...}, where a, is the number
of edges in an (n +1) x (n +1) square grid with all horizontal,

vertical and diagonal segments filled in (see A002943 in [7]).
Clearly,

2n+1
an:2n(2n+1):2( 5 ]

Next, we produce an alternating sum of the product of the
binomial coefficients and triangular numbers. The following
identities are easily verified

n (n n (n
Z(—l)'{_jzo and Z(—l)'i(_jzo.
i=0 | i=0 1
Theorem 2 Let n, k be two positive integers. We have

&N mT —o. @

i=1
Proof. By induction on n, we see that identity (2) holds for n
= 1. Now assume identity (2) is true for all integers n> 1. By

Pascal's identity, inductive hypothesis and definition of
triangular numbers, we obtain

ool gl
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n+l

> [T]T +i<—1>”{?]crki IDACT

i=1

T, +i(—1)”1[?J(k2i T

n ..(n n (N
—T k2 _1 |+1i T _1 i+l
kT IZ:;,( ) (ij+ kIZ:l:( ) [Ij
=-T,+T, =0,
which shows that (2) holds for n + 1, thereby proving the

theorem.

I11. BINOMIAL COEFFICIENTS
For fixed positive integer m, denote An, as the partial sum

of binomial coefficients (”?jfor 0< j<i,thatis,
J

FHEHHE ()

It is easy to see that Amm = 2™ and Amk + Anmk-1 = 2™ for
0<k<m.
For a positive integer n, observe that

iAﬂ N N

(Aot A )+t (A + AR+ A,
=1n-2n +2"
2

=(n+2)2""

We then obtain that

i=1

Moreover, Calkin [1] developed some curious identity of
sums of 3-powers of the partial sum of binomial coefficients:

Zn: A =(n+2)2°"*—-3n.2"? [Zn].

n

Hirschhorn [5] obtained some recurrence relations of sums
of powers of the partial sum of binomial coefficients and
derived the identities involving first, second and third powers.
Next, Wang and Zhang [8] generalized these identities
involving first, second and third powers, one of these
generalization is the following
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Zn: iA,; =n(Bn+5)2"". (3)

Next, we shall prove identity (3) by using Theorem 2.

Theorem 2 Let n be a positive integers and Ay as defined
above. Then

n

>iA; =n(Bn+5)2"",

i=0

Proof. Consider

> (n-A, :i(”“)im

515

i=0

I
I E]
=}
VR
-3
S 1
|

Since

n (N
‘ (le' =n(n+3)2"3,

we have
> (DA, =n(n+32".
iz
Using the identity
Zn:/%,i =(n+3)2",
iz

we get that

n

YA, =Y nA, - (-DA,

i=0
=n(n+2)2""—n(n+3)2"3
=n(3n+5)2"3,
as desired.

Corollary 3 For a positive integer n,

Z[?)@ :3?/\“.

i=1
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IV. CONCLUSION

The triangular numbers are linked to other geometric
numbers through binomial identities. Thus, for the sequence
of pentagonal numbers (see A000292 in [7]),

{p,}={1512,22,35,51,70,..}

or

n n?

_3n-1(n+1 _3n-1.
n+1\ 2 n+1

we have the known

1
Tn _Hé pn'

There are many other connections between the triangular
and pentagonal numbers [6] as well as with other geometric
numbers, such as the triangular pyramidal numbers t, (see
A000292 in OEIS),

{t }={1,4,10,20,35,56,84,.. }
or

t, =Pt F. (n>1),

which are in turn connected with the triangular numbers by
n n+2
t,=>T, { J
i 3
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