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1. PRELIMINARIES

Let H be a normed space, K be a nonempty closed convex subset of H and 7 : K — K be a map.
The mapping T is called asymptotically nonexpansive mapping if and only if there exists a sequence
{ntn=1 C [0,400), with lim w, = 0 such that for all x.y € K,

n—oo

IT"x = T"y|l =1+ p)llx =yl VneN (D

The class of asymptotically nonexpansive mappings was introduced by Goebel and Kirk [I] as a
generalisation of nonexpansive mappings. As further generalisation of class of nonexpansive mappings,
Alber et al. [2] introduced the class of total asymptotically nonexpansive mappings, where a mapping
T : K — K s called total asymptotically nonexpansive (TAN) if and only if there exist two sequences
{ntns1> {Mntn=1 C [0, +00), with nlLrlgo up, = 0= nlirgo n, and nondecreasing continuous function ¢ :

[0, +00) — [0, +00) with ¢ (0) = 0 such that forall x,y € K,
IT"x = Ty < lx =yl + wnpUlx = yID +m n>1 (2

In Ofoedu and Nnubia [3], an example to show that the class of asymptotically nonexpansive
mappings is properly contained in the class of total asymptotically nonexpansive mappings was given.
The class of asymptotically nonexpansive type mappings includes the class of mappings which are
asymptotically nonexpansive in the intermediate sense. These classes of mappings had been studied
extensively by several authors (see e.g., [4]-[9]).

A map T is said to satisfies condition B if there exists f : [0,00) — [0, 00) strictly increasing,
continuous, f(0) = 0,f(r) > 0 V r > 0 such that for all x € D(T), ||x — Tx| > f(d(x, F)) where
F=FT)={xeDT):x=Tx} and d(x,F) = inf{|x—y| : y € F}.

Lemma 1.1 Takahashi [10]
oo
Let {u.}, {Bn}, {yn} be sequences of nonnegative numbers satisfying the conditons: Z,B,, =

n>0
o0, B —> 0asn —> oo and y, = 0(B,). Suppose that

pi < i =B (unr) + v n=1,2,...
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where v : [0,1) — [0, 1) is a strictly increasing function with ¥ (0) = 0. Then u, — 0 as n — oo.
Lemma 1.2 Moore and Nnoli [11]
Let K be closed convex nonempty subset of a real Hilbert Space H. Let {x,} be a sequence in H,
y € H and z = Pgy be such that w,(x,) € K and ||x, — y|| < |ly — z|| Vn > 1, then {x,} converges
strongly to z.
wy(xy) ={z€ H: EI{xnj(z)} C {xu} 2 Xnj(z) —"z as j — oo}

Lemma 1.3 Ofoedu and Nnubia [9, p. 703 ]
Let E be a reflexive Banach space with weakly continuous normalized duality mapping. Let K be a
closed convex subset of £ and T : K — K a uniformly continuous total asymptotically nonexpansive
mapping with bounded orbits. Then I — T is demiclosed at zero.

Proposition 1.1 Ofoedu and Nnubia [9, p. 704 ]
Let H be a real Hilbert space, let K be a nonempty closed convex subset of H and let 7; : K —>
K,where i € I = {1,2,...,m}, be m uniformly continuous total asymptotically nonexpansive mappings
from K into itself with sequences {iyitn>1, {nitn=1 C [0, +00) such that nlilgo Uni = 0 = lim n,;

n—0o0

and with function ¢; : [0,400) —> [0,+00) satisfying ¢;(f) < Myt V ¢ > M for some
constants My, M1 > 0. Let u, = malx{,un,i} and n, = malx{r),,,,-} and, ¢ (1) = m%x{¢i(t)}v t € [0, 0).
e e IS

Suppose that F(T) = (1., F(T;), then F(T) is closed and convex.

Proposition 1.2 Nnubia and Bishop [0, p. 74]
Let K be a nonempty subset of a real normed space E and 7; : K — K,wherei e [ = {1,2,...,m},
be m total asymptotically nonexpansive mappings, then there exist sequences {u,}n>1, {Nn}tn=1 C
[0, +00), with nlingo wp,=0= nlingo n, and nondecreasing continuous function ¢ : [0, +00) —> [0, +00)

with ¢ (0) = 0 such that for all x,y € K,
IT7x =TIyl < lx =yl + uap(lx = pI) +m; n>1LViel 3)

2. MAIN RESULT

Proposition 2.1 Result
Suppose that there exist ¢ > 0,k > 0 constants such that ¢(¢) < ¢tV t > k, then T is total
asymptotically nonexpansive if v, = w,c and y, = w,co + 1, such that

IT"x=T"y < (d+v)lx=yl+

Proof
Suppose T is total asymptotically nonexpansive, that is, let 7" be such that

IT"x = Tyl < llx = yll + wap(lx = yID + 10 n=1 “4)

Since ¢ is continuous, it follows that ¢ attains its maximum (say cy) on the interval [0, k]; moreover,
¢ (1) < ct whenever t > k. Thus,

() <cg+ct Vitel0,+0). (5)
So, we have,
I1T"x =T < llx=yl+ma(cot+cllx—yD+n n=1
= I+ ) llx = yll + pnco + na
= (A +v)lx =yl +

where v, = u,c and y, = w,co + n, Thus completing the proof.
Theorem 2.1 Let H, K, T;, and F be as in Propostion 1.1, then {x,},>1 generated iteratively by:

Vo = (1—ay)x, +anﬂz§f)xn ;imy=n modm VneZ;mn) =1+ [ﬁ]
m
Ki = {z€K:|lyn—zI? < % — 211 — a1 — an)[1xy — Tipn xull* + 0}
O, = {zeK: (X — 2,X, — Xp) = 0}
Xp+1 = PKnﬂan0~ (6)

converges to Prxy where 0, = o, (ki(n),i(n) — D(diam.K)? + Ay keny. iy diam. K + Vi i) Vinoiy.omy and
{on} C [a,b] C (0, 1).
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Proof
Let x* € F.

2
lyn = x*1I

IA

IA

IA

Iterative Procedure for Finite Family of Total Asymptotically Nonexpansive Maps (TAN)

11 = a) (e — 305%) + et (T X — X))

(1 =) llxn = x 12 + el T xn — X* 117 = ot (1 — )l — T x>

(1 — ) 1% — x % |12 4 (1 + Kigmymon) 150 — X% + QL+ Kigymo) X0 — x|

Fitamm)Vieman — (1 = &) x5 — T xa)*

(1 + el + kigomen — 1D 1% — X1 + QL+ Kigymn) 1X0 — X"
FVitnyme) Vieymm — on(1 — )X, — T,’L’,f)”)xnll

130 = 3% 1> = otn (1 — at) 130 — T |

F ot [(1 + Kigymn)? — 11(diam.K)? + a,[2(1 + Kigymn) (diam.K)
HViinm Vieymn

2
1 = X* 117 = et (1 = at) 1% — T xull* + 0.

So that x* € K,, Vn. Hence, F C K, Vn.Forn=0, Q, =K. F C Q,.

Let F C Q,, we show that F C Q,.1. Now, x,; is the projection of x, onto K, N Q,. then (i)
(Xop1 —2,X% — Xp41) 2 0.VZ € K, N Q.

Since, F C K, N Q,, then (x,,1 — x*,x, — x,11) > 0Vx* € F.So, F C Q,;+1 and hence F C Q,

Vn > 0.
Now,

Hence, Vn

”xa - PQn-xo” = ”xo —J’|| Vy € Qn

X, — Xoll = [ % _PQ,,XUH < IIxo _y” Vy € Qn-

and since F C Q,, then ||x, — x,|| < ||x, — x*|| V x* € F.
In particular, || x, — x,|| < |lx, — x*|; x* = Pgx,.
Sil’lCC, Xnt+1 € Q}’h <xn+1 — Xn, Xp — xo) = 0.

So,

2 2
1Xn41 — Xull = |[Xpg1 — Xo — (X5 — Xo) ||

2 2
= ”xn-H - X:” - ”xn - xo” -2 <xn+1 — Xpn, Xp — xo)

< X = %ol = l1xn = xo)?
Then, ||x, — x,|| < X041 — Xoll-
Since {||x, — x, ]|} is bounded, then lim ||x, — x,]| exists.
n—oo
Thus,
lim || x,1 — X[ = 0. (7
n—oo
Observe that by (7)
lim [ x,; — x| = 0= lim |Ix,—; — x,|IVie{l,..m} (3)
n— 00 n— o0
Now,
2 2 2
apllxn = Tio xall> = llyn — Xl

2
(”yn - xn-‘rl” + ”xn-H - xn)

2 2
= |lyp — Xup1ll” + 2||yn — Xpgt 1 1Xn1 — X ll + 1041 — X4l

Xnt1 € Ky, so that

2 2 2
1y = Xt 17 = 130 = Xt 12 — (1 = 010 — Ty Xull* + 0.
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Hence,
a2 — Tion xull* < 1130 — Xt |7 — (1 = @) 10 — T Xull* + 03
+20yn = Xnt 11Xt = Xall + X1 — xall?
and hence, o2 [1x, — Tiiy" xull? < 201Xus1 — Xall? + 20130 — Xt [-1X01 = Xall + 0
Thus,
lim ||x, — Tjgn"xall = 0 ©)

n— 00

Now, ¥ n > m, we have n = (n — m)(modm) and since n = (m(n) — 1)m + i(n), we obtainn — m =
(mmn) — DN +i(n) —m = (m(n —m) — 1) +i(n —m), sothat n —m = [(mn) — 1) — 1lm+ i(n) =
(m(n—m) —1)m+i(n—m). Hence, m(n) — 1 = m(n—m) and i(n) = i(n—m). Similarly, m(n+1—m) =
mm+ 1) —land i(n + 1 — N) = i(n + 1). Using this we obtain

1% = TigenXnst | < 1% — Thgty Xt |+ 1 Tty X1 = Ty X
< 1% = Xt 1xer — Tieet st |+ DT ) Xkt = Tty Xt |
but,
NT 0 St = Xl < Tt ™ Nt = T ™ mn+ 1) = Lyl
HITt ™ Xt om = Xt omll + 1 Xn12m — X |
< QA k=D Xt = X tomll + 1Tt o X1 —m — X1l
+ Vmn+1)-1 (10)

so that by hypothesis, (9), (8) and the uniform countinuity of 7; i € I we have:

lim ||x, — Tigrr1yXns1ll =0 (11)
n—o0o
Furthermore,
IXp41 — Ti(n-&-l)er—l I < lIxp1 — X0l + 11 — i(n+l)xn+l||- (12)

So that using (7) and (11) we have,
lim [|x,41 — Tigr 1y Xns1ll = 0. (13)
n—o0

Now, let k& € I be arbitrarily choosen, then,

1% = TigntioXnll - = %0 = Xkl + %01k — Tintdy Xntk | + | Tinssy Xntk — Ticnioy Xl
By uniform continuity of 7; Vi € I and from (8) and (13) we have that

lim ||x, — ity Xnll = OVk e I ={1,....,m}
n—oo
Observe that Vk € I = {1,..,m} 3 n; € I suchthat i(n) + nx = kmodm, put in another way,
Vk eI 3 i €1 suchthat i(n+ k) = imodN Hence,

Iim ||x, — Tix,|| = 0;Vie {1,...,m}.
n—oo

Since (1 — T;) is demiclosed at 0 € H Vi. {x,}is bounded and H is reflexive,
so,3 z € K and {x,;} C {x,} such that, x,; =" zasj — ooc. Since, x,; — Tix,; — 0asj — oo Vi

m
thenz € F(T;) Viandsoz € F = (| F(T})
i=1
Let ¢ € w,,(x,) arbitrary. Then 3 {x,,} C {x,} > x,, =" gand x,,,— T;x,, > 0asr — oo Vi.So that
since 1 — 7; is demiclosed at 0 Vi, ¢ € F. Hence, w,,(x,) C F. Moreover, || x, — X,|| < [|x, —x*|| Vn >0
where x* = Pgx,. Then by the lemma 1.2 {x,} converges strongly to x* = Prx, (that is the common

fixed point nearest to xp).
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Theorem 2.2 Let H, K, T;, and F be as in Theorem 2.1, then {x,},>] generated iteratively by

Yno = Xpn; Yni = (1 - Oln)xn + OlnT;lyn,i—l; i = 15 s M
i—1
Kui = {z€K: |lyni—zI* < lx — 211 — (1 — @)d D l1x0 = T} ymicjmt 17 + 0
J=0
Kn = ﬂ Kn,i (14)
i=1
O, = {zeK: (x,—z,x—x,) =0}

Xpr1 = Pr,no,Xo. (15)

i
converges to Prx where 0,,; = d, Z[(ki, D+, iel,0<a<a,<b<l.
=1

Proof
Let x* € F.

Imi — X 17 < (1= a)llxn — X* |1 + ks jllymio1 — x*||°
+ & kil Ymiet — X+ Vu) i — (1 = ) 1% — T Vi |1
So,
Iyng = x 17 < (L4 etk — D)llxn — x* 17 + o kit X0 — x|l + Vi) Vi1
— at(1 — ) |Xn — T7x, (16)
So,

i—1
2 i+1 /172 2 2
o= = (14 el MR~ D))
j=0

i—1
j+1 2 =172
+ D> Qhinilynicjor = X+ vai v T gk,
=0

j-1
=>4 = @)X — TP ynii P k2,
j=0
) i
< (L+bg > (g, = D)lxy — x*I7
j=1
+bg'dy D vy —d (1 =b) D N1x0 = T}yuj |1
j=1 j=1
< =X P =d A =5) D lxn = Tfvnjr | + ons (17)

J=1

where d, = bq' max{d,, (diamK)*} so, x* € K, ;¥ i and hence x* € Nie, K, ¥ n.So, F C K,,¥N n>
0, V i and hence, F C K,,. Following the argument as in Theorem 2.1, we have that F € Q, Vn > 0
and

lim 1Xn41 — Xl = 0.
n— o0
Now,

2 2 2 2
aullxn = T ynictI” = Wyni = Xt 17+ 2000 = Xt 161 = Xl 4 (X041 — 2l

but x,,1 € K, s0,Viel

1
2 2 i 2
1y = Xn 17 < 116 = X I = @n(l = )a’ D~ 130 = T}'yujoi I + oni
J=1
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sothatViel

i

2 — Ty . 2 < _ 2 L 1— i — Ty . 2
o, X, i Yni—1 l < X1 — Xall” + oni — an( an)a X, jVnj—1 I
J=1
2
+2||yn,i = Xpgt 11Xt — Xull + 1041 — Xl

andsoViel

2 2 2 2
a||lx, — Tl‘nyn,i—l Il Oln”xn - Tinyn,i—l Il

A

A

2
< 2xp1 = xall” + o + 20 yni — Xpar X1 — Xall
Hence, lim,,_, o [|X;, — T7yni—1ll = 0 Vi € I and hence, lim,,_, o [|yn; — Xu| =0Vie

llx, — T,‘nxn” < |x,— T,nyn,i—l I+ kn,i“yn,i—l — x|l + Vi

Thus, lim,,, o [1x, — T} x4l =0 Vi € 1.

”xn - Tixn” =< ”xn - Tinxn” + ”T,'nxn - Tixn”

-1 -1
”xn - Tln xn” =< (1 + knfl,i)”xn - xn71” + ||Xn71 - Tln Xn—1 ”

Thus, lim, o X, — 77 'x,|l = 0 Vi € I, so that by uniform continuity of 7; Vi € I, lim ||x, —
n—oo
Tix,|l = 0. Now, since (1 — T;) is demiclosed at 0, the same argument in Theorem 2.1 completes the

Proof.

3. CONCLUSION

CQ Algorithms for iterative approximation of a common fixed point of a finite family of nonlinear
maps were introduced and sufficient conditions for the strong convergence of this process to a common
fixed point of the family of Total asymptotically Nonexpansive maps were proved. Our iterative
processes generalise some of the existing ones, our theorems improve, generalise and extend several
known results and our method of proof is of independent interest.
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