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Abstract — This study determined the general form of the trace of the triangular matrices 𝒏 × 𝒏 
with the power of positive integer. Before obtaining the general form of the trace of triangular 
matrices (upper triangle and lower triangle) 𝒏 × 𝒏 with the power positive integer, first obtain 
the general form of the triangular matrices 𝒏 × 𝒏 with power positive integer. Obtaining the 
general form of the triangular matrices 𝒏 × 𝒏 with the power positive integer is carried out by 
determining of the triangular matrices from power two to power eight. It is further suspected 
that the general form of a triangular matrices 𝒏 × 𝒏 with the power of a positive integer and 
prove it using mathematical induction. Finally, a triangular matrices trace 𝒏 × 𝒏 with the power 
of a positive integer is obtained with direct proof based on the general form of the matrices has 
been obtained. Given the application trace of the triangle matrices 𝒏 × 𝒏 with power positive 
integer by an example. 

 
Keywords — Mathematical induction, triangular matrix, matrix power, matrix trace.  

 

I. INTRODUCTION  

Matrix theory is a fundamental theory in algebra widely used in other fields of science, including 
insurance, economics, biology, chemistry, physics, and others. Many things can be done from a matrix, 
such as a matrix multiplication, matrix determinants, matrix traces, etc. In this study, what is discussed is 
to calculate the trace matrix. A trace of the matrix is the sum of the main diagonal elements of a square 
matrix. 

Calculating the trace of a matrix is not so difficult, but if the matrix is powered, then to calculate the 
trace, its matrix must be multiplied as many times n . Furthermore, the trace of the power matrix can be 
determined. So calculating the trace of the power matrix is quite complicated. That is, it is pretty interesting 
to study how to find the right formula for calculating the trace of the power matrix. The power matrix's 
trace value is obtained without going through a long matrix multiplication process. Enough substituting the 
matrix entries into the formula. 

The calculation of traces of the power matrix has been of much concern. According to [1], traces of the 
power matrices are often discussed in several areas of mathematics, such as Network Analysis, Number 
Theory, Dynamic Systems, Matrix Theory, and Differential Equations. The formula of the trace matrix of 
power was also discussed in 2015 by [2], obtained the trace formula of the matrix of positive integers power. 
In the paper, there are two forms. First, the matrix trace formula power n	even, namely: 

 
𝑡𝑟(𝐴!) = ∑ (#$)!

&!
𝑛[𝑛 − (𝑟 + 1)][𝑛 − (𝑟 + 2)]⋯ 2[𝑢𝑝	𝑡𝑜	𝑟	𝑡𝑒𝑟𝑚𝑠]9:𝑑𝑒𝑡(𝐴)<&:𝑡𝑟(𝐴)<!#(&! (⁄

&*+   (1) 
 

Second, the matrix trace formula power 𝑛 odd, which is: 
 

𝑡𝑟(𝐴!) = ∑ (#$)!

&!
𝑛[𝑛 − (𝑟 + 1)][𝑛 − (𝑟 + 2)]⋯ 2[𝑢𝑝	𝑡𝑜	𝑟	𝑡𝑒𝑟𝑚𝑠]9:𝑑𝑒𝑡(𝐴)<&:𝑡𝑟(𝐴)<!#(&!#$ (⁄

&*+  (2) 
 
In 2017 [3], it discusses the trace of the 2 × 2 matrix of the negative integer power. In the paper, there 

are two forms of trace formula of the power matrix. First, the trace formula of the matrix power for 𝑛 even, 
which is: 

𝑡𝑟(𝐴!) =
∑ (#$)!

!! ![!#(&.$)][!#(&.()]⋯1[23	56	&	57&89]:;<75(=)>!;5&(=)>'#(!' (⁄
!*+

;<75(=)>'
    (3) 
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Second, the matrix trace formula power 𝑛 odd, which is: 
 

𝑡𝑟(𝐴!) =
∑ (#$)!

!! ![!#(&.$)][!#(&.()]⋯1[23	56	&	57&89]:;<75(=)>!;5&(=)>'#(!'#$ (⁄
!*+

;<75(=)>'
   (4) 

 
Furthermore, the research on calculating the trace of power matrices on particular form matrices of the 

order 2 × 2 with of the power negative integer was carried out by [4]. Research continues again for matrix 
sizes 3 × 3, 4 × 4, and 5 × 5 of the special form symmetric matrices, namely the studies [5], [6], and [7], 
with of integer power. Still regarding trace of matrices of the power, but a different form of matrix than 
previously discussed in [8] and [9]. 

Next the trace of the power matrix, [10] has researched how to get the trace formula of a special matrix 
3x3 with of the integer power.The forms of such special matrix are: 

 

A?@? = B
a a a
b b b
c c c

F , ∀	a. b, c	 ∈ ℝ. 

 
The result obtained is the general form of the power matrix and the trace of the matrix with the power of 

positive integer. For the general form of trace of the matrices, a matrix with the power of a negative integer 
cannot be determined because the matrix has a determinant equal to zero (det (A?@?) = 0), meaning that 
the matrix A?@? has no inverses.  

To prevent the spread of existing problems and to be more directed, a restriction is carried out, namely 
the matrix studied is the matrix of the upper triangle and the lower triangle, with the following shape: 

 

A =

⎝

⎜
⎛
a a a ⋯
0 a a ⋯
0 0 a ⋯
⋮ ⋮ ⋮ ⋮
0 0 0 a⎠

⎟
⎞

 and B =

⎝

⎜
⎛
a 0 0 ⋯
a a 0 ⋯
a a a ⋯
⋮ ⋮ ⋮ ⋮
a a a a⎠

⎟
⎞

     (5) 

 
 

II. RESEARCH METHODS 

The research method is the steps used by the author in solving the problem in this study, namely to obtain 
the trace formula of a triangular matrix 𝑛 × 𝑛 with the power of a positive integer. The research 
methodology for this research is the study of literature. The steps used are as follows: 

1. Given the matrices of the upper triangle and the lower triangle at the (5). 
2. Determines the upper triangle matrix and the lower triangle matrix from (AA)( to (AA)B. 
3. Guesses the general form of the upper triangle and the lower triangle matrix (AA)C, with m of positive 

integer. 
4. Prove the general form of the (AA)C, with m of positive integer using mathematical induction. 
5. Determines the trace of the (AA)C, with m of positive integer by using the matrix trace definition. 
6. Apply the trace of the (AA)C, with m of positive integer to the example problem. 
The description of the definition of matrix multiplication and power and the theorems relating to the rules 

of matrix power are in [11], [12], [13], and  [14]. The proof of the general form of matrix power uses the 
rules of mathematical induction, whose elaboration is in [15] and [16]. The elaboration of definitions and 
theorems related to the rule of matrices power and trace of the matrices is provided in [17], [18], and [19]. 

. 

III. RESULTS AND DISCUSSION 

The results obtained based on the steps in the method research. There are two results obtained, the first: 
is the general form of the upper triangular matrix and the lower triangle matrix with the power of positive 
integer, and the second the traces of the upper triangular and the lower triangle matrix with the power of 
positive integer. 

A. Trace of Upper Triangular Matrix 𝑛 × 𝑛 with of the Power of Positive Integer  

The power matrices of the upper triangular matrix as on Equation (5), starts from the  to . 
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           (11) 
 

            (12) 
Once the upper triangular power matrix form is obtained from  to , then it can be assumed 

that the general form of an upper triangular matrix with of the power of positive integer and then will be 
prove using mathematical induction, presented in the following theorem. 

Theorem 1. Given the upper triangle matrix on Equation (5), then upper triangular matrix with the power 
of a positive integer 𝑚 ≥ 2	is obtained, namely: 

( ) ( ) ( )( )( )( )( ) ( )

( )( )( )( )( )

6

6

6

6

6
6

6

, 1, 2,3,..., 0
6 , 1,2,3,..., 1 1
21 , 1,2,3,..., 2 2
56 , 1,2,3,..., 3 3

1 3 2 1 1 , 1,2,3,4 4
120
1 2 1 1 2 , 1,2,3
120

n i j

a for i n and j i
a for i n and j i
a for i n and j i
a for i n and j i

n n n n n a for i and j i n
A a

n n n n n a for i

= = +

= - = +

= - = +

= - = +

- - - + = = + -
= =

- - + + =

!

( )

( )( )( )( )( ) ( )

( )( )( )( )( ) ( )

6

6

3

1 1 1 2 3 , 1,2 2
120
1 1 2 3 4 , 1, 1
5!
0, .

and j i n

n n n n n a for i and j i n

n n n n n a for i and j i n

for i j

ì
ï
ï
ï
ï
ï
ï
ï
ï
ï
í
ï

= + -ï
ï
ï

- + + + = = + -ï
ï
ï + + + + = = + -ï
ï

>î

( ) ( ) ( )( )( )( )( )( ) ( )

( )( )( )( )( )( )

7

7

7

7

7
7

7

, 1, 2,3,..., 0
7 , 1,2,3,..., 1 1
28 , 1,2,3,..., 2 2
84 , 1,2,3,..., 3 3

1 3 2 1 1 2 , 1,2,3,4 4
6!
1 2 1 1 2 3 , 1
6!

n i j

a for i n and j i
a for i n and j i
a for i n and j i
a for i n and j i

n n n n n n a for i and j i n
A a

n n n n n n a for i

= = +

= - = +

= - = +

= - = +

- - - + + = = + -
= =

- - + + + =

!

( )

( )( )( )( )( )( ) ( )

( )( )( )( )( )( ) ( )

7

7

, 2,3 3

1 1 1 2 3 4 , 1,2 2
6!
1 1 2 3 4 5 , 1, 1
6!
0, ..

and j i n

n n n n n n a for i and j i n

n n n n n n a for i and j i n

for i j

ì
ï
ï
ï
ï
ï
ï
ï
ï
ï
í
ï

= + -ï
ï
ï

- + + + + = = + -ï
ï
ï + + + + + = = + -ï
ï

>î

( ) ( ) ( )( )( )( )( )( )( ) ( )

( )( )( )( )( )( )( )

8

8

8

8

8
8

8

, 1, 2,3,..., 0
8 , 1,2,3,..., 1 1
36 , 1,2,3,..., 2 2
120 , 1,2,3,..., 3 3

1 3 2 1 1 2 4 , 1,2,3,4 4
7!
1 2 1 1 2 3 4
7!

n i j

a for i n and j i
a for i n and j i
a for i n and j i
a for i n and j i

n n n n n n n a for i and j i n
A a

n n n n n n n a

= = +

= - = +

= - = +

= - = +

- - - + + + = = + -
= =

- - + + + +

!

( )

( )( )( )( )( )( )( ) ( )

( )( )( )( )( )( )( ) ( )

8

8

, 1, 2,3 3

1 1 1 2 3 4 5 , 1,2 2
7!
1 1 2 3 4 5 6 , 1, 1
7!
0, ..

for i and j i n

n n n n n n n a for i and j i n

n n n n n n n a for i and j i n

for i j

ì
ï
ï
ï
ï
ï
ï
ï
ï
ï
í
ï

= = + -ï
ï
ï

- + + + + + = = + -ï
ï
ï + + + + + + = = + -ï
ï

>î

( )2nA ( )8nA



   EJ-MATH, European Journal of Mathematics and Statistics 
ISSN: 2736-5484 

DOI: http://dx.doi.org/10.24018/ejmath.2023.4.4.248   Vol 4 | Issue 4 | July 2023 28 
 

(13) 

 
Proof: 
The proof of the theorem uses the rules of mathematical induction, 
Suppose:  
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            (15) 
 

Or it can be written as: 
 

  (16)

 
If you pay attention to the form above, it is the same as the matrix form in the power of two in Equation 
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(i) Assume for 𝑝(𝑘) with k≥2 true, i.e.: 
 

           (18) 
And will be proved for	𝑝(𝑘 + 1) also true, i.e.: 
 

 (19) 

 
The proof start from: 
 

    (20) 
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 (21) 

 
a) for main diagonal entries 𝑖 = 1,2,3, …𝑛	and	𝑗 = 𝑖 + 0. 
Based on the row entries on  and the column entries on , then the multiplication result for the 

main diagonal entries are $
(D#$)!

∏ (𝑛 + 𝑡)(D#!)
5*$#! 𝑎D.$. Because there is a multiplication of 0 as much 𝑛 − 1 

terms and $
(D#$)!

∏ (𝑛 + 𝑡)(D#!#$)
5*$#! 𝑎D . 𝑎 as much one term, then the result is: $

(D#$)!
∏ (𝑛 + 𝑡)(D#!)
5*$#! 𝑎D.$. 

 
b) for entries 𝑖 = 1,2,3, …𝑛 − 1	and	𝑗 = 𝑖 + 1. 
Based on the row entries on  and the column entries on , then the multiplication result for 

those entries are $(D)!∏ (𝑛 + 𝑡)(D#!.$)
5*(#! 𝑎D.$ . Because there is a multiplication of 0 as much 𝑛 − 2 terms and 

the remaining 2 terms are $
(D#$)!

∏ (𝑛 + 𝑡)(D#!#$)
5*$#! 𝑎D . 𝑎 + $

(D#$)!
∏ (𝑛 + 𝑡)(D#!)
5*(#! 𝑎D . 𝑎, then the result 

is:	 $(D)!∏ (𝑛 + 𝑡)(D#!.$)
5*(#! 𝑎D.$. 

 
c)  for entries 𝑖 = 1,2,3, …𝑛 − 2	𝑎𝑛𝑑	𝑗 = 𝑖 + 2 
Based on the row entries on  and the column entries on , then the multiplication result for 

those entries are that there is a multiplication of 0 as much 𝑛 − 3 terms and the remaining 3 terms are: 
 

$
(D#$)!

∏ (𝑛 + 𝑡)(D#!#$)
5*$#! 𝑎D . 𝑎 + $

(D#$)!
∏ (𝑛 + 𝑡)(D#!)
5*(#! 𝑎D . 𝑎 + $

(D#$)!
∏ (𝑛 + 𝑡)(D#!.$)
5*?#! 𝑎D . 𝑎 , 

 
then the result is:	 $(D)!∏ (𝑛 + 𝑡)(D#!.()

5*?#! 𝑎D.$.  
 

d) for entries 𝑖 = 1,2,3, …𝑛 − 3	dan	𝑗 = 𝑖 + 3 
Based on the row entries  and the column entries , the multiplication result for those entries 

are that there is a multiplication of 0 as much 𝑛 − 4 terms, and the remaining 4 terms are: 

 

            (22) 
 
then the result is: 

         (23) 

 
e) If you look at it from a) to d), there appears to be a pattern that can be determined for subsequent 

entries. Shown for the last two entries.  
f) You for entries 𝑖 = 1,2	dan	𝑗 = 𝑖 + (𝑛 − 2) 
Based on the row entries on  and the column entries on , then the multiplication result for 

those entries are that there a multiplication by 0 as much 1 term, and the remaining terms 𝑛 − 1 are:  
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 (24) 

      
then the result is:

  
         (25) 

 
g) for entries 𝑖 = 1	dan	𝑗 = 𝑖 + (𝑛 − 1) 
Based on the row entries on  and the column entries on , then the multiplication result for 

those entries are that there not multiplication by 0, and the entries in the first row on  multiplied by 

the entries in the column are . 
 

    (26) 

 
then the result is: 

         (27) 

 
such matrix entries can be presented in the form of: 
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The proof is complete.  
Furthermore, can be obtained the trace of the upper triangular matrix with the power in the positive 

integer is expressed on Remark 1 as follows. 
Remark 1 Given the upper triangle matrix in Equation (5) i.e.: 
 

        (29)

  
then the trace of the upper triangular matrix with the power of positive integer is obtained: 
 

      with 𝑚 ≥ 2.    (30) 
 

Proof: 
The proof of the Theorem uses direct proof. 
Based on Theorem 1 the main diagonal entries of the upper triangular matrix with the power of positive 

integer is  from the entry  until . This means that obtaining traces from the 

matrix is the same as summing each entry on its main diagonal, namely: 
 

(31) 

The proof is complete. 

B. Trace of Lower Triangular Matrix with of the Power of Positive Integer 
Similarly, to section A, based on the lower triangular matrix as in (5) and then determined form from

 to . Furthermore, with looking at the recursive pattern from  to , then general form 
of the lower triangular matrix with the power of positive integer can be guessed. After obtaining the 
estimation of the general form, then the further proof is carried out, which is stated in the following 
Theorem. 

Theorem 2 Given the lower triangle matrix on Equation (5), then upper triangular matrix with the power 
of a positive integer 𝑚 ≥ 2	is obtained, namely: 
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(32) 

 
Proof: 

The proof of the Theorem uses the rules of mathematical induction, which are treated the same as those 
of Theorem 1. The difference is only of the entries location of the matrix form. The proof is complete. 

After obtaining the lower triangular matrix form with of the power positive integer at Theorem 2, then 
the trace of the matrix can be obtained explained in remark 2. 
Result 2 Given the lower triangle matrix in Equation (5) i.e.:  
 

        (33)

  
then the trace of the lower triangular matrix with the power of positive integer is obtained:  
 

     with 𝑚 ≥ 2.    (34) 
 
Proof: 

The proof of the theorem uses direct proof. 
Based on Theorem 2 the main diagonal entries of the lower triangular matrix with the power of positive 

integer is  from the entry  until . This means that obtaining  traces from the matrix is the equal 

to summing each entry on its main diagonal. This means to add up  as much 𝑛, that is: 
 

        (35) 

 
The proof is complete. 
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C. Application of Trace of Triangle Matrices with of the Power of Positive Integer 
Based on the discussion above, the following will be given some examples of problems that use Theorem 

1 to Theorem 2 and Remark 1 to Remark 2.  
Example 1. Given the upper triangular matrix as follows: 
 

       (36)

  

Then specify  and ! 

Solution: Using Theorem 1, the matrix power form is obtained: 
 

  (37)

 

 
And based on Remark 1, it  is: 

        (38) 
 
Example 2. Given the lower triangular matrix as follows: 
 

       (39)
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Solution: Using Theorem 2, the matrix power form is obtained: 
 

 (40)

 
And based on Remark 2, it  is: 

 
 

IV. CONCLUSION 

According to the results and discussion above, it can be concluded that general formula of the upper 
triangular matrix and the lower triangle with of the power of positive integers is the same, but only the 
location of the entries is different. Meanwhile, the general formula for the upper triangular and lower 
triangular trace matrices with positive integer powers has the same trace value, namely: 

        (41) 
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