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The Lie Group Structure
of Genus Two Hyperelliptic ¢ Functions

Masahito Hayashi, Kazuyasu Shigemoto, and Takuya Tsukioka

Abstract

We consider the generalized dual transformation for hyperelliptic ¢ functions. For the genus two case, by constructing a
quadratic invariant form, we find that hyperelliptic g functions have the SO(3,2) = Sp(4,R)/Z> Lie group structure.

Index Terms

Generalized dual transformation, Genus two hyperelliptic g function, SO(3,2) = Sp(4,R)/Z2 Lie group structure, Higher
dimensional KdV equation.

I. INTRODUCTION

Some special type of non-linear differential equations can be solved exactly and further provide a series of infinitely many
solutions. We are interested in those “solvable/integrable” mechanisms.

Soliton equations are examples of such equations, hence various methods for studying soliton systems are beneficial for our
objective. Starting from the inverse scattering method [1]- [3], the soliton theory has many interesting developments, such as
the AKNS formulation [4], geometrical approach [5]- [7], Biacklund transformation [8]- [10], Hirota equation [11], [12], Sato
theory [13], vertex construction of the soliton solution [14]- [16], and Schwarzian type mKdV/KdV equation [17].

Non-linear integrable models imply the existence of the potential. KdV equation which is a typical soliton equation has a
solution of the Weierstrass g function. The 7 function is considered as a potential of the KdV equation in the form u(x —vt) =
—202 log T(x —vt), and the T function corresponds to the o function of the Weierstrass o function, p(u) = —2 log o'(u). Thus,
differential equations of hyperelliptic p functions are the natural generalization of higher dimensional non-linear integrable
models, and the ¢ function plays a role of potential. Hence, hyperelliptic p functions are expected to have an optimal property
to examine Lie group structures.

We expect that there is a Lie group structure behind some non-linear differential equations, which may be a reason why
such non-linear differential equations have infinitely many solutions. Here an addition formula of the Lie group structure
might be essential. As the representation of the addition formula of the Lie group, algebraic functions such as trigonomet-
ric/elliptic/hyperelliptic functions will emerge for solutions of special differential equations.

The AKNS formalism for the Lax pair is a powerful tool to examine the Lie algebra structure of soliton equations in
non-linear integrable models. In our previous researches, we deduced the SO(2,1) = Sp(2,R)/Z2 Lie algebra structure for
two-dimensional KdV/ mKdV/ sinh-Gordon models [18]- [23]. Owing to the fact that the KdV equation has the solution of the
elliptic g function, we deduced that the genus one elliptic p function had the SO(2,1) = Sp(2,R)/Z, Lie algebra structure. In
addition, observing the SO(3,2) = Sp(4,R)/Z4 Lie algebra structure for the two-flows (two-dimensional) Kowalevski top [24],
we found that genus two hyperelliptic g functions possessed the SO(3,2) = Sp(4,R)/Z4 Lie algebra structure. By directly using
the algebraic addition formula of genus two g functions, we obtained the degree two Sp(4,R) Lie group structure [25].

For the general hyperelliptic differential equations, the Lax pair, especially the AKNS formalism, is not known. Thus we
directly study the algebraic addition formula and differential equations themselves to find Lie group structure behind. In this
study, we use the generalized dual transformation (GDT) to study Lie group structures of genus two hyperelliptic g functions.

II. THE SP(4,R)/Z2 = SO(3,2) LIE GROUP STRUCTURE OF GENUS TWO HYPERELLIPTIC p;; FUNCTIONS
We parametrize the genus two hyperelliptic curve on R in the form:

6 6
y? = Z Apz™ = Z 6Cranz™ = aga’® + 6asz® + 15a42* 4+ 20a32® + 15a022 + 6a1z + ao, (1)
n=0

n=0
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where we put ag = 0 in the end. The Jacobi’s inversion problem is the problem to express the symmetric combination of x;
and x, as the function of u; and us by using relations:

dx dx r1dx rodx
dulz—l—i——z, dqug—Fg. 2)
W Y2 Y1 Y2
From above relations, we obtain:
Ory _  n Ory o Oxy oy Oxy a1y 3)
a’LL2 X1 —1‘27 811,2 T —.T27 6’[1,1 X1 —I27 8u1 T —IQ.
Thus, we obtain:
O(z1 + x2) _ _ O(2172) @
8u1 6’(1,2 '
As the solution of the Jacobi’s inversion problem, we define:
A A
P22 (u1,uz) = f(ﬂh +x2),  po1(ur,uz) = —153313?2, &)
and Eq.(4) provides the integrability condition of genus two hyperelliptic p functions:
Opa(ur, ug) _ O (w1, us)
6u1 8u2 '
Furthermore, if we define [26], [27]:
F(a1,22) — 2y192
) = 6
o11(u1.uz) 2o —m)? (6)
F(xy,22) = 2a6x323 + 6asrias(x + o) + 30asx322 + 2003z, 72 (21 + x2) + 30a01 7o
+6a1(o:1 + 562) + 2(10,
we obtain full integrability conditions:
Opaa(u1, ug) _ Opa1(ur, uz) D1 (u1, uz) _ Op11(u1, uz) 7
8’&1 6’11,2 ’ 6u1 6U2 ’
Next, we define another genus two hyperelliptic ¢ functions constructed from the o function in the form:
N 02 log o(uy,us)
77 ) = - . 8
4 j(U1 UQ) 8ui8uj‘ ( )
Though ;;(u1,u2) and @;;(u1,uz) satisfy the same integrability conditions:
Dipjn(ur,uz) = Ojpik(u1,uz) and  0ipjk(ur, uz) = 0;Pir(u1, uz),
©ij(u1,uz2) and §;;(uq,uz) are not equal but differ by a constant. By the dimension analysis, we obtain [p2o] = [1/u3] =

[? /2], [pa1] = [1/uaua] = [y?/2°], [pu] = [1/u3] = [y* /2], [ad] = [y?/2?], [as] = [y*/2%], [az] = [y*/2?], so that three
pairs (22, a4), (p21,a3), and (11, as) have the same dimensions. Thus, we put:

p22(u17u2) = 522(U1, Uz) — kasay, )
921(111,“2) = @\21(711, U2) — kaias, (10)
o11(u1,u2) = Pr1(u1, uz) — ki1as, (11

where a; are coefficients of the hyperelliptic curve, and koo, k21, k11 are some numerical constants. We determine constants
k;; in such a way as whole differential equations transform covariantly I
Let us start with the following differential equations [27], [28],

1) paza2 — 6@32 +3X6011 — Asp21 — Aagr2e — é)\5)\3 + %/\6)\2 =0, (12)

2) p2221 — 69220001 + %Aspn — Agp21 + i)%})\l =0, (13)

3) 2211 — 495 — 2022011 — %A3@21 + %)\6/\0 =0, (14)

4) p2111 — 621011 — A2p21 + %)\1@22 + i)\s)\o =0, 15)

5) 1111 — 6911 — A2p11 — AMigpar + 3Aopaz — é)\3)\1 + %/\4)\0 =0. (16)
dzx> dxf

In the general coordinate transformation, a tensor T}, transforms covariantly in the form TL'”, = Tnp- We use the terminology transform

ox'H dz'v

Oup Oug ~ . ~ .
P which shows up later, we may say that ¢;; transform covariantly.

7 Prq
ou; 8u;.

covariantly in the same way. Observing a transformation @ G =
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We rewrite the above differential equations with a,, instead of \,,. Later we will explain how to determine k;;, but we provide
here the values of them, koo = 3/2, ka1 = 1/2, k11 = 3/2. Thus, the constant shift of p;; are given in the form:

P22 = 22 — %CM, P21 = P21 — %&3, P11 = P11 — %az- (17)
Hence, we obtain constant shifted differential equations [27]:
1) D222 — 6055 + 3 (asPr1 — 2a5P21 + asPaz) + 3 (agaz — 4asas + 3a3) =0, (18)
2) Pa221 — 6922021 + 3 (asP11 — 2a421 + azaz) + g (agar — 3asaz + 2azaz) = 0, (19)
3)" @211 — (493 + 2022011) + 3 (aapr1 — 2a3P21 + azfdaz) + % (agao — 9asas + 8a3) =0, (20)
4)" Pa111 — 6021911 + 3 (azPi1 — 2a2021 + a1922) + g (asag — 3asay + 2azaz) = 0, (21)
5) Pr1i11 — 6071 + 3 (a2Pr1 — 2a1P21 + aoPa2) + 3 (aaag — 4azar + 3a3) = 0. (22)

From Eqgs.(18)—(22), we define the first, second, third and fourth term of each equation as the component of vectors of P, Q,
R and S in the form:

©2222 —603, agPr1 — 2as(21 + 422
©2221 —6022021 aspr1 — 2a421 + 322
P=| Pen |, Q=| —403 — 202011 |, R=3| aipi1 —2a3p2 + a2 |,
P2111 —6021 011 az11 — 26221 + a1922
@1111 —6@\%1 azﬁn - 2&1@\21 + &0@\22

agas — 4dasasz + Sai
(aga1 — 3asas + 2aq4a3)/2
S=3 (agag — 9asaz + 8a3)/6 . (23)
(a5a0 - 3@4&1 + 20,30,2)/2
asag — 4asay + 3a%
Each differential equation is given in the form:

which provide Eqgs.(18)—(22).
Next, we consider the generalized dual transformation of the form:

, ar —c , Y .
=— =— th ad—bc=1, 25
T T Twrd VT Chrra VAT 25)
in such a way as such transformation makes the hyperelliptic curve on R to be invariant. Then a!, (n = 1,2,---,6) are
systematically determined from the relation:
6 6
Z 6Cnay (b2’ + a)® " (da' 4 )" = Z 6Crnanz'™. (26)
n=0 n=0

The explicit expressions of the transformations of a, are given in Appendix A. We put ag = 0 and ag = O after the
transformation. The transformed Jacobi’s inversion relations are given by:

dr}  day  (=bay +d)dzy | (—bas +d)dxs

duf = —1 + =2 = + =d duy — b dus, (27)
Y1 Ya Y1 Y2
/ d ! ld / _ d _ d
duy = 290 | 207 _ (o —9dn | (orn = AT g,y g gu,, (28)
Y1 Yo n Y2
Then we obtain: P P P o o 9

=a—+c—, —F=b—+d—. 29
o} Ouq Ouy’  Oul Ouq Ous 29
We require that the hyperelliptic curve becomes invariant under the transformation, which implies that the o function is invariant.
From the invariance of the o function under the transformation, o’(u},u5) = o(u1,uz), the transformed @;; functions are
given by:

02 log o' (u1,uz) 02 log o(uy,us)
i, it ) = - ) ’

!/ / / !
ou;0u; Ou;0u
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Then @j transform in covariant forms,

ou, Oug - - ~
Do = auz (%Z Dpq = d*Paa + 2bdPay + b*P11, (30)
o OupOug . i A4 b5 bo |
21 = au/z au/l ppq = Cag22 + (Cl + C)@Ql +a 211, (3 )
ou, Oug - ~ ~
o, =—L_—4 A Pao + 2acHor + a’pr1. (32)

P11 = au/l aull pz)q =

A simple rule to obtain the above result is as follows. From Eq.(29), we consider P; = aP; + ¢P, and Py = bP; + dPs.
Making P;* = b2P2 + 2bd P, P, + d?P2 and replace

12 ~ 2 ~ ~ 2 ~
Py" = 0oy, Py — P22, PoP1r — o1, Py — P11,

which gives Eq.(30). This simplified rule is useful to obtain transformed expressions of {5, , by considering P/ P} P P;. Thus
©ijre transform in the covariant form:

Ou,, Oug Ou,. Ou
Oy =—b_4 T 25 33
Ykt = Jur oul dul, oul T 53
which provides
Proa L Abd? 622 Abd B\ [ Gazss
Dho91 cd®  (ad + 3bc)d? 3(ad + be)bd (3ad + be)b?  ab? 2221
Phor1 | = 62‘d2 2(ad + bc)ed  a’d? + 4abed + b2 2(ad + be)ab  a?b? P2011 | - (34)
Ph111 cd  (3ad + be)c? 3(ad + be)ac (ad + 3bc)a®  ab 2111
P1111 ct 4ac? 6a’c? 4a3c at 1111

We denote this as P’ = MP. Then, by the same M, we can prove Q' = MQ. We determined k;; in Eqgs.(9)—(11) in such
a way as R transform in the same way as R’ = MR, so that koy = 3/2, ko; = 1/2 and k17 = 3/2 can be obtained. Thus,
as we have promised, the constant shift of p;; has been determined as Eq.(17). Hence, by using M and k;;, we can prove
S’ = MS. We define the total vector T = P + Q + R + S, whole differential equations transform covariantly in the form
T’ = MT. From differential equations T = 0, we obtain T’ = 0, that is, the set of differential equations T = 0 is invariant.

We have shown that differential equations have the Lie group (continuous group) structure; yet an issue is what type of Lie
group structure the differential equations have. To elucidate the problem, we try to find quadratic invariances defined from
some vector X. We here adopt X = P, that is,

X1 = 2222, Xo =221, X3=p2211, Xu= 2111, X5=p1111-

Since the dual transformation is a special case of the generalized transformation, the invariance of the following dual trans-
formations:

2222 < ©1111, 2221 < 92111, 2211 <7 £2211

are necessary. Thus, as the quadratic invariance, we obtain:

I = (19292291111 + lofnao1 Pa111 + LaPigr = (1 X1 X5 + X0 Xy + (3X3. (35)
By imposing the invariance under the transformation, the coefficients ¢1, {5, /5 are determined to be:
I = Hoonarins — 49202102111 + 30011 = X1X5 — 4Xo Xy + 3X5 = inv.. (36)
Even if we adopt X as any of {P, Q, R, S}, Eq.(36) gives invariants. Thus, we define:
Xi=Vit¥i Xo= 2 Xa- ok Xi= P X -YVioY G37)
and we arrive at the quadratic invariance of the form:
I=(Y?+Y;4+Y]) - (Y2 +Y7) =inv. (38)

Therefore, we conclude that differential equations have the SO(3,2) =Sp(4,R)/Zy Lie group structure, which is consistent
with our previous results[24], [25]. At this level, we put ag = 0 and aj = 0, and ag = 0 is realized by taking the standard
form of the hyperelliptic curve with ag = —(6a5d® + 15a4bd* + 20a3b%d® + 15a2b3d? + 6a1b*d) /b5. As the invariance of the
transformation is identically satisfied, we obtain the same result even if we put constraints ag = 0 and ag = 0.
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A. The Lie Algebraic Approach to the Constant Shift of ©;; and the Quadratic Invariant

We consider the following three infinitesimal transformations derived from Eq.(25) [29],

i)a' =a+e¢, (a=1,b=0, c=—¢, d=1) (39)
i)' =z+ex, (a=1+¢/2,b=0,¢c=0,d=1—¢/2) (40)
iii) 2’ =z +ex?, (a=1,b=¢ ¢c=0,d=1) 41)

where ¢ is an infinitesimal parameter. Denoting éx = x’ — x, each infinitesimal transformations are represented by generators
Q1, Q2 and Q3 as follows:

i) oz =€ = [eQ1, ], Ql:a% (42)
i) 00 = e = [Qn, 7], Q= xa% 43)
i) b0 = ca? = [cQu 2], Qs =" (44)
Commutation relations [@Q3, Q2] = —Qs, [Q1,Q2] = Q1, (@3, Q1] = —2Q2 can be modified into the following form:
[iQ3, Q2] = —iQ3,  [iQ1, Q2] =iQ1, [iQ3,iQ1] = 2Q>. (45)

On the other hand, the Lie algebra of SO(3), [J,, Ji] = i€apeJe, can be rewritten in the form:
[Ty, J3] = —=J, [Jo,J3]=J-, [J4,J-]=2J5,
with Jy = J; = 1J5. Then we have the correspondence:
JiiQsz, Jo < iQ1, J3 ¢ Qo

which gives the SO(2,1) Lie algebra structure.
For our purpose to fix k;; which are coefficients of the constant shift of ;;, and ¢; which are the coefficients of quadratic
invariance, it is sufficient to consider the infinitesimal transformation 1):

/ / / /
Ty =x1+€ Ty=TatE Y=Y, Yo =Y. (46)
In this case, a; transform as:
r / N !’ _9 / -3
ag = ag, as = as €ag, ay = a4 €as, as = as €ay,
ay = ay — 4deas, a) =a; —Seas, aj = ap — beay. 47)
Transformation laws of ©;; and ©;;x; are determined in the following way:
~ ~ ~ ~ ~ ~ ~ ~
P22 = P22, P21 = P21 — €22, P11 = P11 — 2€p21, (48)
and
~ ~ ~ ~ ~ ~ ~ ~
©o200 = 2222, 2901 = P2221 — €P2222, P11 = P2211 — 2€029201,
~ ~ ~ ~ ~ ~
Po111 = P2111 — 3€P2211,  P1111 = P1111 — 4€parr. (49)

We put ag = ay = 0 after the transformation.

In order to determine k;;, we can use the infinitesimal transformation of differential equations. The infinitesimal transfor-
mation of Eq.(47) raise the order of differential equations, that is, we obtain Eq.(21), Eq.(20), Eq.(19), and Eq.(18) from
Eq.(22), Eq.(21), Eq.(20), and Eq.(19), respectively. Using this method, we reproduce Eq.(17) [29]. Here, we demonstrate
another method to use the fundamental relation, which generate all differential equation by differentiation, of the form:

F(x1,22) — 2y192

P20 (u1, u2)T122 + P21 (U1, u2)(T1 + 22) + P11(u1, u2) = 21 —29)? (50)
This relation is trivially satisfied by using:
A5 A F(zq, -2
paz(ur,uz) = (21 +22), pai(ur, uz) = —fxlwz, p11(u1, uz) = (zl(ZQ) xz)‘zlyz
By using the shifted g;; functions of Egs.(9)—(11), Eq.(50) becomes in the form:
(P22 (w1, u2) — kagas)x1To + (P21 (w1, u2) — k2ra3) (w1 + 22) 4+ (P11 (w1, u2) — ki1az)
F -2
_ (331,132) y1y2. (51)

4(581 — $2)2
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Coefficients k;; are determined by the invariance of this fundamental relation under the infinitesimal transformation as follows:

koo = ; ko1 = %, ki = ;
which reproduces Eq.(17). This is the necessary condition that the fundamental relation is invariant under the finite transfor-
mation.
Next, we determine ¢; by using Eq.(35). By imposing the invariance of Eq.(35) under the infinitesimal transformation, we
obtain:

I — I/ = £1X1(X5 — 4€X4) + EQ(XQ — 6X1)(X4 — 3€X3) + gg(Xg — 26X2)2
=1- 6((451 + EQ)X1X4 + (362 + 483)X2X3) = I,

which gives ¢ : l5 : {3 =1 : —4: 3. This is the necessary condition that [ is invariant under the finite transformation. Thus,
we obtain:
I=XX5—4XoX4 +3X3 =inv,, (52)

which reproduces Eq.(36).

III. CONCLUSION

In the previous study, by directly using differential equations of genus two hyperelliptic g functions, we demonstrated that
the half-period addition formula for genus two hyperelliptic p functions provides the order two Sp(4,R) Lie group structure.
In this study, we have considered the generalized dual transformation for hyperelliptic p functions. By the constant shift of
i; functions, we have deduced that differential equations transform covariantly under such transformation. By constructing
the quadratic invariance under such transformation, we have shown that hyperelliptic p functions possess the SO(3,2) =
Sp(4,R)/Z5 Lie group structure for genus two case.

APPENDIX A
THE TRANSFORMATION OF COEFFICIENTS a., (n =0,1,--- ,6) IN THE GENUS TWO HYPERELLIPTIC CURVE

)ag=  agd®+ 6asbd® + 15a4b?d* + 20a3b>d® + 15a9b*d* + 6a,b°d + agbh®, (53)
2) ay = aged® + as(ad + 5be)d* + 5ay(ad 4 2bc)bd® + 10a3(ad + be)b*d?

+5a(2ad + be)b3d + ay (5ad + be)b* + agab® (54)
3)ay = agc?d* + 2a5(ad + 2bc)cd® + as(a*d® + 8abed + 6b*c?)d? + das(a®d® + 3abed + b2c*)bd

+az(6a%d? + 8abed + b2 c?)b? 4 2a1(2ad + be)ab® + aga®b? (55)
4) ay = agc®d® 4 3as(ad + be)c?d? + 3ay(a*d? + 3abed + b2 c*)ed

+az(a®d® + 9a*bed? + 9ab*c2d + b*c?) + 3ag(a’d? + 3abed + b2 c?)ab

+3a1 (ad + be)ab? + aga®b® (56)
5) ay = agctd® 4 2a5(2ad 4 be)Ad + ag(6a?d? + 8abed + b*c?)? + 4as(a®d? + 3abed + b*c?)ac

+as(a’d® + 8abed 4 6b*c?)a? 4 2ay (ad + 2bc)a®b + apa*h? (57)
6) a) = agc®d + as(5ad + be)c* + 5ay(2ad + be)ac® + 10az(ad + be)a’c?

+5az(ad + 2bc)a®c + a1 (ad + 5bc)a* + aga’b (58)
7) a6 = agc® + 6asac® + 15a4a%¢* + 20aza3c® + 15asa*c® + 6aja’c + aga®. 59)

We put ag = 0 and ag = 0 after the transformation. For example, we can realize aj; = 0 by taking the standard form of the
hyperelliptic curve with ag = —(6asd® + 15a4bd* + 20a3b?d® + 15a2b3d? + 6a;b*d) /b°.
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