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On Reaction-Diffusion Equation
with Generalized Composite
Fractional Derivative
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Abstract —In this paper, we obtain the Sumudu transform of generalized composite fractional
derivative and some lemmas related to inverse Sumudu transform. Further, we find solution of
nonlinear reaction diffusion equation with generalized composite fractional derivative by
applying the Sumudu and Fourier transforms.
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I. INTRODUCTION

Reaction diffusion equations have found applications in various branches of science and technology [1]-
[3]. The classical reaction diffusion equation is given by [4]

ON _ 92N
—=D==+6-X(N), (1)

where D is diffusion coefficient and X (V) a nonlinear function representing reaction kinetics.
A generalization of (1) was proposed by [5] and is given as
92N LN _ 5 3%N

—z &5, =x 5zt n*N(x, D). 2

Further, [6] gave another generalization of reaction diffusion equation with the fractional derivatives as
oDEN(L ) + &0 DN, 6) = 22 DIN(L ) + N (o ) + (), (3)

where a > 8, Y(x, t) represents the nonlinearity in the system and ¢ demonstrates the nonlinearity of
the system. Recently, several authors have studied reaction diffusion equation with fractional deriavtives
[71-[9]-

The fractional derivatives are continuously showing their potential in the modeling of real world
problems. This is leading to continuous development of fractional derivatives. Reference [10] defined a
fractional derivative which was composite of Riemann-Liouville and caputo fractional derivative of same
order [11], it thus possessed properties of both the derivatives with additional advantage due to their
composition. Reference [12] further defined a composition of these derivatives, allowing different
fractional orders of Riemann-Liouville and Caputo fractional derivatives, thus widening the application of
this generalized composite fractional derivative (GCFD). In this paper, we investigate reaction diffusion
equation with GCFD.

Integral transforms such as Laplace, Fourier, Mellin, Hankel, Sumudu etc. which are being extensively
applied in several branches of science and technology [13]-[15]. Besides, Sumudu transform (analogous to
Laplace transform) was proposed by [16] in early 1990’s with the motivational superiority over other
integral transforms, mostly the scale and unity preserving features that could yield adequacy when solving
differential equations. Moreover, it is notable that Sumudu transformation method provides the solution in
closed form and possess the capability to scale down the volume of computional work in contrast to the
other methods. Several properties and applications related to Sumudu transform can be seen in the literature
[17]-[19].
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II. DEFINITIONS AND PRELIMINARIES

Definition II. 1 ([11]) The Riemann-Liouville integral operator of order o > 0 of a function y(t) is
defined as:

oJEW(®) = 1 Jy (¢ =W PpWdu, a € C and t>0. @)

Definition II. 2 ([11]) The Riemann-Liouville fractional derivative of order o > 0 of a function y(t) is
defined as:

1 dk ¢t —a-
oDEY(t) = Mﬁfo t—wr*Yduk—-1<a<kkeN. (5)
Definition II. 3 ([11]) The Caputo fractional derivative of order o > 0 of a function y(t) is defined as:

1

§DEW() = ey fy (¢t —w e p®@du, k—1<a<kkeN. (6)

Definition II. 4 ([6], [20]) The Weyl fractional differential operator of order o > 0 is defined as:
1 dk ot —a-
—_oDEY(t) = Mﬁf—w (t—wr*Yduk—1<a<kkeN. (7

The modified Fourier transform of the operator (7) given by [21], is as follows:

F{_oDiYp(8)} = —IpI“¥" (0). (®)

where the Fourier transform is defined by the integral equation

Y () = [ P(p)exp(ipy)dy.

Definition I1. 5 ([10]) For 0 < a < 1,and 0 < B < 1, the Hilfer fractional derivative of order a and type
B of a function y(t) is given as:

—a) d — -
oDFF(e) = (oI £ LI p())). ©)

Definition II. 6 ([12]) f k— 1<, <k; 0<v<1 and k €N, then the generalized composite
fractional derivative (GCFD) of y(t) is defined as:

B; k-p) dk -v)(k—
oDEF () = (03P L5 I T (). (10)
The GCFD (10) for v = 0 and v = 1 reduces to Riemann-Liouville type fractional derivative of order a
(5) and Caputo type fractional derivative of order § (6) respectively. Also, for a« = 8, the GCFD (10)
becomes Hilfer’s fractional derivative of order a and type v (9).
Definition II. 7 [22] A generalization of Mittag-Leffler function E g(t), is given as:

1

Y Yo (V)j ﬂ
Eap® = 25=0 tiagy

where @ > 0,8 > 0, a, 8,t € Rand (y); denotes shifted factorial and is defined as
Mo=1W);=y+Dr+2)~F+j-1DJj=12,y*0.

Definition I1. 8 The Sumudu transform denoted by G(s) for a function y(t) which was introduced by
[16] is given as:

G(s) = S[(®), 5] = [, exp(=t)p(st)dt = = [;* exp(=p(D)dt, s € (—A3, 1),

over the set of functions
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A = {1/)(t)|EIM,/11,/12 >0, [ih(t)] < Mexp(LD), if t € (=1)7 x [0, oo)}.

J

Following are some important properties of the Sumudu transform that shall be required in the upcoming
sections.

Proposition I1. 1 ([18], [23]) If M(s) and N(s) be the Sumudu transform of the functions y(t) and ¢(t)
respectively, then the Sumudu of their convolution is given as

S[@ @) * ¢(1)), s] = sM(s)N(s),
or equivalently,
STHsM(s)N(s),t] = ((0) * p(1)). Q)]

where,

@) * (1)) =f Yw)p(t — u)du.

Theorem II. 1 ([23]) [Sumudu transform of fractional Integral]: Let the sumudu transform of the function
y(t) be G(s), then the sumudu transform G(s) of fractional integral of y(t) of order a, is given as:

SlodéWw(t), s] = s*G(s), Re(a) > 0.

Theorem II. 2 ([23]) Suppose G(s) is the Sumudu transform of y(t), then the Sumudu of the m™
derivative y™(t) is denoted by Gy, (s) and is given as:

G (s) = S[Y™ (), 5] = sT™G(s) — L' s/ ™pP(0), m=1.

Theorem II. 3 ([23]) [Sumudu of fractional derivatives]: Let k — 1 < a < k, k € N and G(s) be the
Sumudu of y(t), then the Sumudu G,(s) of the Riemann-Liouville and Caputo fractional derivatives of
order o, D*y(t) are given as:

Go(s) = S[eDFY(L),s] = s7°G(s) — EjZg s~V [D* ()] e=ol-

and

k-1
Ga(s) = SIEDEB(O),5] = 576 (5) = ) 5™ D[DIPY(D)] ]
7=0

Theorem II. 4 ([7]) In the complex plane C, for any Re(B) > 0, Re(y) > 0 and 9 € C, the following
equality holds for inverse Sumudu transform:

STUsY 711 — 9sF)=8] = v 1ER  (9¢F). (12)

Theorem ILI. 5 ([7]) If k — 1 < @, f < k such that k € N and B, then the following equality holds

1

-1
S [ s(s~%+&-s7B+p)

1= %70 (=Pt T X B ey (<€ t*7F). (13)

III. MAIN RESULTS

Before we give the Sumudu transform of GCFD, we give the following lemma
Lemmalll. 1Ifk—1<a,B; u,6 <ksuchthatkeN,0<v<land{o—v(a—B)}>{u—vu—
6)}, then the following equality holds

5._1[ sV(k=B)—k ] N ) ( )rtv(k+rﬁ)+a(r+1)(1—v)—k
sv@=PB)—a g svu=8)-pypl — ST=0 —p "
—v(a-p)- -5
X E;:1/(a—ﬁ)—u+v(u—6),v(k+r,8)+a(r+1)(1_v)_k+1(—f . ta-v(a-B)-p+v(u )).

Proof. To prove (14), consider
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Sv(k—B)—k
(svV@-B)—ayg.sv(u=8)—p4p)
_ SV(k=B)—k
- SV(a—B)—a_'_f.Sv(u—&)—u (1 +
=¥, (_p)rSsv(k—ﬁ)—k—{V(a—B)—a}(r+1) (1+¢&- Sa—v(a—ﬁ)—u+v(u—6))—(r+1) (15)

P )—1
sv(@=PB)—ayg.sv(u—8)-un

Now applying the inverse Sumudu transform on both sides of (15) and then using (12), we obtain (14).
Theorem IIL.2 If G(s) is the Sumudu transform of y(t) and k—1 < a, f < k with k € N, then the

Sumudu of the GCFD (D y(t) is given by

S p(e),s = s@PG(s) = Big s *P 4 [(DI (0 Y)(©)) lemo -
(16)

Proof. For simplicity, suppose ¢(t) = DkOJt(l_v)(k_a)lp(t) = Dk®(t). So, by (9) and using Theorem
II.1, we have

SLDEp(©), 51 = Slod! P p(0), 5] = s*“PS[$(0), 5] = s**-PS[DF(2), 5],
where O(t) =, Jt(l_v)(k_a)l,b(t). By applying Theorem I1.2, we obtain

SDF p(t),s] = s"EBES[IAE Dy, 5]

=yt svC=BkH (DI (o, IV OYN () o] an

Again using Theorem II.1 in (17), we get the desired result (16).
Now, we solve reaction-diffusion equation with GCFD by using Sumudu and Fourier transformation
Theorem II1.3 Consider the fractional diffusion equation

oDEPVN(x, t) + € o DIPVN(x, t) = x2_ _DIN(x,t) + 12N (x,t) + p(x, 1), (18)
with the initial conditions

DIy IO ON Dlee = ()
i - k— . | — —_
DJOJt(l v)( M)N(X, t)lt:o — gj(x) HE | 01,2,..k—1,&k € N,(19)

wherek —1 < a,f; u,6 <k,suchthata > u, f > § and 0 < v < 1. Also, y is a diffusion coefficient,
71 is a constant which represents nonlinearity of the system and 1 is a nonlinear function for reaction
kinetics, then the solution of (18) corresponding to N (x, t) is as follow

) oo .
N(x, t) — Vk-1 g0 ﬂf_w {tv(k+rﬁ)+a(r+1)(1—V)—k+]fj*(p)exp(_ipx)

j=0 =0 m
—v(a—B)- -5
X Byt e B -utv(u-s)w(ktrp)ta(ra1)(1—v)—k+j+1 (—EE TV ETAImHHV =84y

- 00 (=p)" (» - - - - j o* ;
+ ?:(} ol 2 %f_w {tk(v D+(r+1)(a-v(a-p)) v8+]gj (p)exp(—ipx)
X E;:l/(a—[3)—u+v(;L—B),k(v—1)+(r+1)(a—v(a—,8))—v6+j+1(_gta_v(a_ﬁ)_”+v(u_6))}dp
00 =n)" rt — - — o0 * .
+¥7 0 e fo fula—v@=plr+1) lf_oolli (p, t — w)exp(—ipx)

X E(;:l/(a—B)—u+v(u—6),{a—v(a—ﬁ)}(r+1) (_f ' ta—v(a—[?)—u+v(u—6))dp}du. (20)

Proof. By applying the Sumudu transform on both sides of (18) with respect to variable t, then using
(16) and (19), we obtain

SV(R_B)_aN(x’ S) - Z;‘;(])‘ Sv(k_ﬁ)_k"'jf}.(x) =+ f . SV(M_‘S‘)_”N(.X" S)

; — — — 21
—¢ - Xfzg sV g (x) = ¥, DIN(x,5) + n*N(x,s) + P(x,5). ey

Now applying Fourier transform on both sides of (21) with respect to variable x and using (8), we get
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k-1 k-1
sv@-p-ay’ (p,s) — z SV(k—ﬁ)—k+jfj*(p) +&- Sv(u—é‘)—uﬁ*(p, s)—¢&- z Sv(k—a)—k+ig;f(p)
j=0 j=0

= —x%p|"N (»,s) +n°N (p,s) +¥ (»,s).

Solving for N (p, s), the above equation is equivalent to

—x sV(k=B)—k+j
N (p! S) = f; (p) sv@-B)-ayg.sv(u=8)-pip

V(k=8)—k+j a*(p's) (22)

+ Z f g] (p) sv(a—B)— ayg. sv(pu=8)- Bp + SV(“—B)—G+§-5V(I’-—5)—#+p 4

where p = y¥?|p|” — n%. Now by applying inverse Sumudu transform on both sides of (22) and then
using (14) and convolution of Sumudu transform (11), we have

N* (p, t)

= z fi (P)z (= p) eV ATB+alr+D-v)=k+]

j=0 r=
X Ea—v(a—,B)—u+v(u—6),v(k+rB)+a(r+1)(1—v)—k+j+1( 5 ' ta—v(a—ﬁ)—u+v(,u—6))}

+ Zj(:—é { . g;(p) Z;czo {(_p)rtk(v—1)+(r+1){a(1—v)+v[3}—v8+]’

X E;:l/(a—ﬁ)—#ﬂ/(u—(?),k(v—1)+(r+1){a(1—v)+vﬁ}—v6+j+1(_E - taV@Pmurvu=9)yy

o0 t * —_ —_ -_—
+ Xm0 (=) fy (W (o, t —wuleTv @D
X EtS (o py—prv(u=s)fa—v(a—pyr+1) (=& - LTV @RI W=rgy, (23)

Thus, applying inverse Fourier transform on both sides of (23), we arrive at (20).

A. Special Cases

Corollary 1 For v = 0, the reaction diffusion equation with GCFD (18) takes the form
DIN(x,t) + & o DEN(x, t) = x*_ DIN(x,t) + n?N(x,t) + P(x,t), (24)

where (D& and D! are fractional derivatives in Riemann-Liouville sense such that k — 1 < a, u < k;
a > p with the initial conditions

DI oI N, ) o0 £;(x)
DI N@ ey = g;(0) ;j=012,..k—1,&kEN. (25)

The solution of (24) with the initial conditions (25) is given by

N(x,t) =

oo mf {trr+n- "“f, (p)exp(—ipx)
XEa —pa(r+1)—k+j— 1(=¢-t“"M)}dp
Y S, & S e [ (e "“g](p)eXp( ipx)
XEa wa(r+1)—k+j— 1(=¢-t¥"M)}dp
+ Ting S [ uert DT 7 (p, ¢ — wexp(—ipx)
X Egty aereny (=€ - t*M)dpldu.

Corollary 2 For v = 1, the reaction diffusion equation with GCFD (18) reduces into
oDENQ,£) + &g DEN(x, t) = x2_ DIN(x,t) + n2N(x, ) + (x,t),  (26)

where ODf and D¢ are fractional derivatives in caputo sense such that k — 1 < 8,8 < k; B > & with
the initial conditions

DIN(x,t)|=o = $;(x), j=0,1,2,--k—1andx € R 27)
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The solution of (26) with the initial conditions (27) is given as

NG, t) = TU03 Big 2 [, 67 5 (p)exp(—ipX) B S prjas (—EEP~0)dp
N Ty £ - S [ (005 b (p)exp(—ipx)
X Egté,ﬁ(r+1)—8+j—1(_€ - tF=%)}dp
+ 350 S 7 PO [y (p, £ — wexp(—ipx) (28)
x Eﬁri%,ﬁ(rﬂ) (=¢ - tF=%)dp}du.

In particular, if we set k = 1 in (26)-(28), we get a form of fractional reaction diffusion equation studied
by [6] and [24].
Corollary 3 For a = 3; u = §, the generalized composite fractional reaction-diffusion (18) reduces into
reaction-diffusion equation with Hilfer’s fractional derivative, that is
oDEVN(x, t) + & Dy N(x,t) = x2_ DYN(x, t) + n*N(x, t) + P(x,t),  (29)

with the corresponding initial conditions as:

DI ON ey = f()
DjOJt(l_V)(k_#)N(x’ t)lt:O — g](x) y ] = 0,1,2, k= 1, &k € N, (30)

where k — 1 < a, 1 < k such that a > u, 0 <v < 1. The corresponding solution is given by

NGx,t) = Bhod B g CEL 7 eet 10wyt £ (pexp(—ipx)
X Egt;ll.,a(r+1—v)+k(v—1)+j+1(_f -t M)}dp
+ TN T § - L [ {(eKOmDraC D g ) exp (~ipx)
X E;t;lz,k(v—1)+a(r+1)—vp.+j+1(_5 (t9TH)}dp
+ 350 [ ueC O % e (p, £ — wexp(—ipx)
X EGth o (=€ - £97) dudp.

In particular, if we take k = 1, then this case gives fractional diffusion equation studied by [7].

IV. CONCLUSION

In this work, first we have given some lemmas related to Sumudu transform and then the Sumudu
transform of generalized composite fractional derivative. We have generalized the fractional reaction
diffusion equation by using Generalized Composite Fractional Derivative (GCFD) and we obtained the
solution of reaction diffusion equation with GCFD by the use of Sumudu and Fourier transform. Further,
we have mentioned some special cases related to the generalized equation.
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