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Abstract — Viscous dissipation acts as an energy source and alters the temperature distribution, 
and extremely shear flows impact the fluid flow structure. Thus, the current study analyses the 
three-dimensional rotating Casson fluid flow across a linear extending sheet in the existence of 
internal energy and porous medium. The controlling equations for velocity, concentration, and 
energy of the steady flow are provided and simplified using the similarity transformations. The 
three-staged collocation technique, namely Lobatto III A was implemented in conjunction with 
MATLAB to solve the resulting equations. The physical characteristics of the relevant quantities 
were explained with the support of graphs. It was noticed that the velocity component decreased 
with the rise in the porosity parameter. For the improved values of the Eckert number, the 
temperature component increased. The influence of Eckert number, Casson parameter etc. on 
the Skin friction, the Nusselt number and the Sherwood number were assessed. 

 
 

Keywords — Eckert number, Lobatto III A collocation method, Porosity, Rotating fluid, 
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I. INTRODUCTION  

The investigation of rotational fluid flow֗, which originates from the “Coriolis force”, has important uses 
in geophysical situations, astrophysics, oceanography, and other fields. Moreover, this type of flow across 
a stretched surface is used in a variety of industries, including yarn spinning, plastic sheet extrusion, food 
processing,  and glass wafting [1]. Rotating flows are additionally used in geotechnical manufacturing, such 
as centrifugal purification, turbines, material treating, and rotatory hydromagnetic generators [2].Reference 
[3] investigated the rotating fluid flow problem using a two-dimensional stretchable surface. Furthermore, 
when the rotation parameter´ was larger than unity´, Wang acquired a more precise solution employing the 
analytic approach than the numerical approach. Several scholars looked into the peculiarities of flow 
behaviour when rotation was taken into account[2], [4]–[12], [13]. 

Fluids are a need for existence, and scientists have uncovered many statistics and illustrations about fluid 
movement due to their importance in natural and industrial processes. Fluid dynamics is the study of fluid 
flow and how forces affect it. It demonstrates how to explain star evolution, weather phenomena, sea 
currents, and blood circulation using an approach. “Archimedes was a Greek mathematician” who studied 
the buoyancy and statics of fluids before formulating the Archimedes principle, which is considered the 
earliest contribution to fluid mechanics. In the fourteenth century, a flurry of research into this topic began 
[14]. Many fluids in nature display a nonlinear connection between stress and distortion rate and are referred 
to as “non-Newtonian fluids” (NNF). Several scientists were interested in exploring the phenomena of 
movement of these sorts of fluids because of their widespread uses in industries such as unrefined oil 
extraction from petroleum fuels, food production, paper, and fibre lamination. No single constitutive 
equation can effectively describe the properties of NNF due to their diversity, different models for such 
types of fluids have been devised [1]. Casson fluid is one such NNF containing properties such as human 
blood, jellies, nectar, juice with fibres, etc. This kind of fluid could be useful in medicinal and industrial 
fields. “Casson fluid is a shear-thinning fluid with infinite viscosity at zero shear rate, yield stress below 
which no flow occurs, and zero viscosity at the infinite shear rate” [15], [16]. Reference [17] examined the 
“Natural Convective Non-Newtonian Casson Fluid Flow in a Porous Medium with Slip and Temperature 
Jump Boundary Conditions” by employing the differential transformation method and Mathematica 9 
software. They discovered that as the surge in the value of the magnetic field, the fluid flow decreases. The 
temperature leap parameter was found to improve the temperature profile. Furthermore, growth in the 
Casson rheological factor has a considerable impact on fluid flow [17]. Numerous researchers have 
investigated Casson fluid's movement and heat transfer characteristics from different physical and 
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mathematical perspectives.[9], [15], [18]–[30]. 
The impact of viscous dissipation is crucial in regular convection in various devices. Viscous dissipation 

refers to a development in which work performed by a fluid particle is also transformed into heat. It 
describes the relationship between (K.E) kinetic energy and entropy in a flow and is used to describe 
dissipation. Another thing is that a fluid flow through porous media has numerous uses in irrigation, 
farming, civil engineering, and petroleum engineering. Further, “Electromagnetic flow metres, 
electromagnetic pumps, and hydromagnetic generators” are just a few examples of magnetohydrodynamic 
(MHD) flows in porous media. In addition to viscous dissipation, when a viscoelastic fluid is forced to flow 
due to stimulated stress, the energy is accumulated in the solution as strain energy [31]. Darcy's hypothesis, 
which is valid only for reduced porosity and lowered velocity in most circumstances, is used in most 
modelling and research of flow through porous mediums. As a result, with “higher flow rates and higher 
permeability of porous materials, there is a deviation from Darcy's equation, and in this scenario, the inertial 
impact becomes critical” [2]. Several academics have expressed concern about studying MHD, heat and 
mass transfer flow in permeable and impermeable mediums [32]–[36]. Gushing through porous media and 
conventional interactive applications is gaining popularity. Porous materials are used to retain the 
temperature of the hot body, to line it. The porosity of the porous medium through which MHD flows plays 
a big role in getting gasoline out of crude oil in the petroleum industry and other fields. MHD tools can be 
used in a lot of different fields, like material science and medicine [31]. 

Rotation is critical in managing the heat and mass transfer phenomena in manufacturing and industrial 
applications. The current work uses the motivations of the previous studies to investigate these transfer 
characteristics of Casson linear flow across a spinning sheet in the existence of internal friction. The 
resultant set of linked non-linear governing equations are numerically solved using the Lobatto IIIA method 
[13], [19], [37]–[41]. The three-stage Lobatto IIIa formula is implemented by BVP4C in MATLAB, a finite 
difference code. This being a collocation polynomial produces a 4th -order accurate continuous solution 
uniformly in [a, b]. 

“Mesh selection and error control are based on the continuous solution's residual 
(http://www.mathworks.com/help/matlab/ref/bvp4c.html#moreabout).Graphs and tables depict the effect 
of flow controlling parameters on velocity, temperature, and concentration fields, as well as the skin friction 
coefficient , heat and mass transfer rate”. 

 

II. MODELLING  THE PROBLEM 

Contemplate a rotating Casson fluid with a steady, incompressible boundary layer flow induced by the 
stretching of a heated surface. Because of the Coriolis force, the flow is three-dimensional (3-D) [42]. The 
velocity components in the (𝑥, 𝑦, 𝑧) direction with axis rotating in z- direction with angular velocity Ώ are 
given by (ụ, ṿ, ẉ). The surface is considered to be stretching at a rate proportionate to its distance from the 
origin. The temperature of the stretching surface is held constant at Tw, while the temperature of the distant 
fluid is assumed to be 𝑇!. Casson fluid has a rheological model that is described as [1]: 

 

      

 (1) 
 
Where 𝜏"# 	is the Cauchy stress tensor,  𝜋 = ,𝑒"#.

$
is the product of deformation rate components with 

itself, 𝑒"# is the (𝑖, 𝑗)%& deformation rate component, πc is the critical value of a product based on the non-
Newtonian model, 𝜇'is the non-Newtonian model plastic dynamic viscosity, and 𝑝( is the fluid yield stress 
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Fig. 1. Sketch of the flow. 

Applying the above hypotheses the governing equations for the continuity, momentum and energy, mass 
diffusion are [2], [43], [44]: 

 
+ụ
+)
+ -ṿ

+(
+ +ẉ

+*
= 0         (2) 

   (3) 

   (4) 

   (5) 

       (6) 

 
The presumed boundary conditions are, 

 
ụ = 𝑈0𝜁 = ậxζ, ṿ	 = 	0,ẉ	 = 	0, ´T = 	T0 , ´C	 = 	C0			at			z	 = 	0    (7) 
ụ ⟶ 0	, ṿ	 ⟶ 0,ẉ	 ⟶ 	0, ´T ⟶ T!, ´C	 ⟶	C!			at			z	 ⟶ 	∞  

 

where, ( ) “density of the fluid”, ( ) “coefficient of kinematic viscosity”´, ( ) “electrical 

conductivity”, “Casson parameter” ( ) , ( ) “permeability of the porous medium”, (T) fluid 

temperature, free stream temperature ( T∞)  , ( ) “thermal diffusivity”, ( ) “specific heat at constant 

pressure”, and ậ >0 constant, (DM) Molecular Diffusivity coefficient, (C) concentration of the species, (ζ) 
the stretching parameter. 

The transformation variables are stated as follows [43], [45]: 
 

𝜂 = F
ậ 𝑧	, ụ = 	ậx	F2(η), ṿ = ậx	𝐺(η),ẉ = Jậ 𝐹(𝜂), 𝜃(𝜂) = 343!

3"43!
	 , 𝜑(𝜂) = 545!

5"45!
 (8) 

 
(2) is satisfied by the above transformations and equations (3)-(6) reduce to the following “self-similar 

ordinary differential equations”: 
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      (11) 

         (12) 
 
The comprehensive boundary constrains are attained as: 
 

𝐹2(𝜂) = 𝜁, 𝐺(𝜂) = 0, 𝐹(𝜂) = 0, 𝜃(𝜂) = 1, 𝜑(𝜂) = 1		𝑎𝑡	𝜂 = 0 
𝐹2(𝜂) ⟶ 0, 𝐺(𝜂) ⟶ 0, 𝜃(𝜂) ⟶ 0,𝜑(𝜂) ⟶ 0		𝑎𝑠	𝜂 ⟶ ∞     (13) 

 
The parameters in the above equations are given as Magnetic parameter( 𝑀∗ = 𝜎. 𝐵7$ 𝜌ậ⁄ ), Rotation 

parameter (ω.=Ώ/ậ), Porosity parameter (𝑘 . = 𝜗/𝑘9∗ậ), Prandtl Number (𝑃𝑟 . = 𝛼/𝜗), Eckert Number 

(𝐸𝑐 . = :"#

59(3"43!)
), Schmidt Number (𝑆𝑐 = 𝜗 𝐷=⁄ ) . 

The physical measures of engineering intention i.e., the drag friction coefficient, the reduced Nusselt 
number֗, and the Sherwood֗ number are as follows. 

 

 

III. SOLUTION METHODOLOGY 

The system of coupled dimensionless (9)-(12) are sensitive to boundary conditions mathematically. Since 
these equations are highly nonlinear, and solving it analytically is quite challenging. As a result, the bvp4c 
approach from MATLAB is one of the methods utilised to solve such problems. The numerical solutions 
are acquired utilising the MATLAB BVP algorithm bvp4c, “a finite difference code that implements the 
three-stage Lobatto IIIA formula”. 

In this procedure the (9)-(12) are first metamorphosed into a set of “coupled first-order equations” as 
follows: 
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Therefore, the (9) - (12) can be expressed as: 

 
 

( ) ( ){ }2 2 0. . ." Pr F ' Pr E c F'' G'q q+ + + =

0'' Sc.F 'j j+ =

( ) ( ) ( ) ( )

( )

1 2 1 21 11 0 1 0 0 0/ /
f x f y x x x x. .

w
x

C F" ,C G' , Re Nu ' , Re Sh ' ,

U xRe local Re ynold ' s Number

q j
b b

J

- -æ ö æ ö
= + = + = - = -ç ÷ ç ÷
è ø è ø

=

( )
( )
( )
( )
( )
( )
( )
( )
( )

( )
( )

( ) ( ) ( ) ( ) ( ) ( )

( )
( ) ( ) ( ) ( ) ( ) ( ) ( )

( )
( ) ( ) ( ) ( ) ( ) ( )( ){ }

( )
( ) ( )

2

3

2 2 2 2 1 2 41
12 1

3
5

4
4 2 4 5 1 2 2

5
116

7 7
8 1 7 3 3 5 5
9

9

1 9

f

f

M k f f ^ f f ff

f

f
f

f
M k f f f f f fd f

d
f

f f
f Pr f f Ec f f f f
f

f

Sc f f

w

b

w
h

b

é ù
ê ú
ê ú
ê ú+ + - -é ù ê ú

ê ú ê úæ öê ú +ê úç ÷
ê ú è øê ú
ê ú ê ú
ê ú ê ú
ê ú + + - +ê ú
ê ú = ê úæ öê ú ê ú+ç ÷ê ú ê úè øê ú ê ú
ê ú ê ú
ê ú ê ú

- + +ê ú ê ú
ê ú ê úë û

ê ú
ê ú-
ê ú
ë û



   EJ-MATH, European Journal of Mathematics and Statistics 
ISSN: 2736-5484 

DOI: http://dx.doi.org/10.24018/ejmath.2022.3.3.111   Vol 3 | Issue 3 | May 2022 5 
 

 
Fig. 2. The graphical scheme of the proposed problem. 

This system is known as “boundary value problem (BVP)” and used in MATLAB to find the solution of 
this system together with the identified boundary conditions using the Lobatto III A RK collocation method 
(BVP4C) [46]. The procedure will be concluded when the error (tolerance) < 10-6. Bvp4c has only three 
arguments when solving the BVP with MATLAB: a ‘functionode’ for evaluating the ODEs, a ‘functionbc’ 
for evaluating the residual in the boundary conditions, and a structure ‘solinit’ for providing an estimate for 
a mesh and the solution in it [47]. The ODEs are solved in the same way as the MATLAB IVP solvers. The 
explanation of this method can found from various research articles [10], [41], [46], [48], [49] . 

 

IV. ANALYSIS OF THE RESULTS OBTAINED 

The non-linear ODE of the MHD Casson fluid with viscous dissipation over a rotating sheet with the 
boundary constraints were solved using the 3-stage Lobatto III A R.K collocation method. The technique 
was implemented using the symbolic software MATLAB. The boundary conditions were defined at infinity 
are switched by a sufficiently substantial value η = ηmax = 10. The accuracy up to six decimal places has 
been considered for the convergence criteria with a step size of Δ η=0.001. The validation of the code was 
done by comparing the values of physical interest such as drag friction coefficient with the results of [2], 
[3] and is depicted in Table I. 

 
TABLE I: ASSESSMENT OF CURRENT RESULTS WITH PRIOR COTED RESULTS WHEN β֗ →∞, 

Ec=Sc=M*=k=0 
ω ֗ Reference [3] Reference [3] Present Results 
 −𝐹"(0) −𝐺′(0) −𝐹"(0) −𝐺′(0) −𝐹"(0) −𝐺′(0) 

0 1 0 1 0 1.000008 0 
0.5 1.1384 0.5128 1.13838096 0.51276039 1.1383812 0.51276012 
1 1.3250 0.8371 1.32502883 0.83709841 1.32502901 0.83709845 
2 1.6523 1.2873 1.65235799 1.28725883 1.65235488 1.28725663 

 
The choices of the regulating parameters are the “Casson parameter” (0.5 ≤ β֗ ≤ ∞), rotation parameter 

(0.2 ≤ ω֗ ≤ 3), the magnetic field parameter (0 ≤ M ≤ 2), and the “Eckert number” (0 ≤ Ec ֗≤ 2), the “porosity 
parameter” (0< k ֗ < 2), stretching parameter (0 < ζ < 1.5) and the “Schmidt number” (0< Sc<1) as 
demonstrated in the below figures.  

Fig. 3 represents the effect of the magnetic parameter (M*) on the “radial velocity gradient (RVG)”. One 
can view from the graph that the RVG weakens for intensification in the magnetic parameter value. Fig. 4 
demonstrates the impact of M ‘tangential velocity gradient’(TVG). The plotted picture reveals that the spate 
in values of M* leads to a drop in the TVG. This is for the reason that, like the drag force, a ´transverse 
magnetic֗֗ field causes a barrier force (Lorentz force) that retards the movement of the fluid follow. Fig. 5 
and 6 exhibits the effect of the porosity parameter on RVG and TVG, where the porous medium 
permeability opposes particle motion and, as a result, velocity diminishes. 
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Fig. 3. Impact of magnetic term on RVG.   Fig. 4. Behaviour of TVG with magnetic term. 

 
Fig. 5. Effect of porosity on RVG.  Fig. 6. Effect of porosity on TVG. 

 
Fig. 7. Effect of Casson parameter on RVG.   Fig. 8. Effect of Casson parameter on TVG. 

 
Fig. 9. Performance of Temperature profile with β.          Fig. 10. Performance of Temperature profile with β. 
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Fig.11. Impact of Rotational parameter on RVG.   Fig. 12. Impact of Rotational parameter on TVG. 

 
Fig. 13. Influence of ω on temperature profile.   Fig. 14. Influence of ω on the concentration profile. 

 
Fig. 15. Effect of Ec on temperature.   Fig. 16. Effect of Sc on concentration. 
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Fig. 17. Effect of Sc on Concentration.  Fig. 18. Effect of magnetic parameter on Concentration 

 
Fig. 19. Effect of porosity on temperature.  Fig. 20. Effect of porosity on concentration. 

 
Fig. 21. Performance of RVG with Ϛ.   Fig. 22. Performance of TVG with Ϛ. 

 
Fig. 23. Behaviour of Temperature with Ϛ.   Fig. 24. Behaviour of Concentration with Ϛ. 

 
 

Fig. 7 and 8 reveal the influence of the Casson parameter on the RVG and TVG. With an increase in the 
value of the β֗, the velocity profiles F’ and G decrease. This is because the presence of tensile stress owing 
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to elasticity causes resistance in the fluid flow, resulting in a decrease in velocities. The thickness of the 
velocity boundary layer diminishes as β֗ increases. In contrast, as illustrated in Fig. 9 and 10, increasing β֗ 
leads to a rise in temperature and concentration boundary layers. 

Higher rotation parameter values result in lower velocity dispersion. (Fig. 11) In physical terminology, 
the “rotation parameter (RP) is the ratio of rotation to stretching rates”. Elevated values of the RP result in 
a quicker rotational rate, which the velocity dispersal of RVG and the width of the momentum layer to drop. 
Fig. 12 depicts the effect of the rotation parameter on the velocity distribution G. In this instance, the 
velocity distribution is decayed by rising. This is because the rotation parameter is essential for speeding 
up the flow along the TVG. The velocity distribution oscillates when the rotation parameter is increased. 
From the Fig. 13 and Fig. 14 we perceive that the rise in the rotation parameter value leads in the increment 
in the temperature and the concentration boundary layers. 

Fig. 15 depicts the effect of the Eckert number on fluid temperature. A higher Eckert number value 
results in a higher temperature´ gradient. This is due to the number's reliance on K.E, which releases thermal 
energy into the fluid and hence raises the temperature´. 

The impact of the “Schmidt number” on the concentration profile can be visualized in the Fig. 16 shows. 
For the reason that, as Sc is proportional to the “Brownian diffusion coefficient”, bigger ‘Schmidt numbers’ 
result in a lower Brownian diffusion coefficient, indicating a lower species concentration. The effects of 
the magnetic parameter and the porosity parameter on the thermal and concentration boundary layer are 
depicted in the Figs'. 17, 18, 19 and  20. The result was observed that the increase in these parameter values 
improved the temperature and concentration boundary layers. 

Impact of the (ζ) stretching parameter on the velocity can be noted form the Fig. 21 and 22. The increment 
in the stretching parameter value leads to the improvement in the RVG and fall in the TVG. This is because 
when the value of the stretching ratio parameter grows, the rate of stretching increases, implying an increase 
in velocity field and momentum boundary layer thickness along the y axis. Fig. 23 depicts the result of the 
stretching ratio parameter on the temperature field. Temperature distribution and the thermal boundary 
layer are both decreasing functions of ζ. Physically, as the velocity grows, the thermal´ boundary layer gets 
weaker along with the drop in the temperature´. The similar effect of ζ on the concentration gradient was 
noted in the Fig. 24. For different value of active parameters in the problem, Table II and III show the 
values of local drag coefficient in x and y directions, as well as local Nusselt and Sherwood numbers. Local 
drag coefficient improves in both directions for the Casson parameter, but decreases for the rotation 
parameter, while the magnetic parameter shows opposite fluctuations. For these settings, the local Nusselt 
number falls. The rate of heat transmission and rate of change of concentration at the surface reduce when 
the values of Ec, Sc, k, M change. 

 
TABLE II: THE NUMERICAL VALUES OF THE Cfx, Cfy, Re-1/2xNux, Re-1/2xNux FOR ω֗, Ec 

ω ֗ Ec Sc β֗ k֗ M* )1 +
1
𝛽.- 𝐹′′(0) )1 +

1
𝛽.-𝐺′(0) −𝜃(0) −𝜑(0) 

0 0.5 0.5 0.5 0.5 0.5 -4.111816 0 0.41709 0.505995 
0.5      -4.21094 -0.891259 0.254713 0.49866 
1.5      -4.749054 -2.314587 0.635624 0.460403 
2.0      -5.051641 -2.866752 -1.141536 0.441407 
0.5 0.2       1.497354  

 0.4       0.75906  
 0.6       0.020768  
 1       - 1.455817  

 
TABLE III: THE NUMERICAL VALUES OF THE Cfx, Cfy, Re-1/2xNux, Re-1/2xNux FOR M, k֗, Sc, β֗ 

ω֗ Ec Sc β֗ k֗ M* )1 +
1
𝛽.- 𝐹′′(0) )1 +

1
𝛽.-𝐺′(0) −𝜃(0) −𝜑(0) 

0.2 0.5 0.5 0.4 0.5 0.5 -4.461336 -0.391794 0.593282 0.516321 
   0.8   -3.573767 -0.317512 -0.050454 0.482102 
   1.0   -3.369112 -0.299761 -0.255903 0.472509 
   1.5   -3.075365 -0.274014 -0.605783 0.457436 
    0.4  -4.047248 -0.373375 1.161566 0.507723 
    0.8  -4.363664 -0.341127 1.030058 0.496352 
    1  -4.514137 -0.32767 0.966215 0.491094 
    1.5  -4.870999 -0.299704 0.811911 0.479036 
     0.5 -4.128432 -0.36454 1.128206 0.504767 
     1. -4.514137 -0.32767 0.966215 0.491094 
     1.5 -4.870999 -0.299704 0.811911 0.479036 
     2.0 -5.204276 -0.277691 0.664609 0.468317 
  0.0       0.2 
  0.5       0.504767 
  1.0       0.77771 
  1.5       0.99712 
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V. CONCLUSION 

The important outcomes of this study are reviewed below, 
1. Radial velocity gradient is affected in the opposite way by rotation and the Casson parameter than 

Tangential velocity gradient near the extended sheet due to “Coriolis force”. 
2. The influence of the magnetic field, porosity, and local inertia coefficient on RVG and TVG are 

identical. 
3. The rise in the Eckert number improves the values of the thermal boundary layer and decreases the 

values of the heat transport coefficient. 
4. The increment in the values of Schmidt number leads to the fall in the concentration boundary layer 

and opposite behaviour is observed by the Sherwood number for those values. 
 

NOMENCLATURE 

ụ, ṿ, ẉ x, y, z components of velocity (ms-1)  Free stream temperature (K) 

 Free stream concentration ρ Fluid density (kgm-3) 

ζ Stretching parameter  Uniform constant concentration 

T The temperature of the fluid (K) 
 

Ω´ Angular velocity 

Dm Mass diffusivity coefficient. B0 Applied magnetic field (Wb m−2) 

M* Magnetic Parameter α֗ Thermal diffusivity 

Cp Specific heat constant pressure (Jkgk-1) ω֗ Angular velocity 

C The concentration of the species β Casson Parameter 

 Surface temperature (K) Rex Local Reynolds number 

ν Kinematic viscosity (m2s-1) Sc Schmidt number 

Pr Prandtl number μ Dynamic viscosity (kgm-1s-1) 

 permeability of porous medium (m2) Ec Eckert number 

 

ABBREVIATIONS 

NNF: Now-Newtonian Fluid 
RVG: Radial Veloctiy Gradient 
NNM: Non- Newtonian Model 
K. E: Kinetic Energy 
TVG: Tangential Velocity Gradient 
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